OSCILLATOR REPRESENTATIONS AND SEMISIMPLE
PRE-TANNAKIAN CATEGORIES

SOPHIE KRIZ

ABSTRACT. We investigate tensor products of oscillator represen-
tations of symplectic groups over finite fields, as well as of their
semidirect products with Heisenberg groups. As an application,
we construct non-trivial semisimple pre-Tannakian categories with
an object of generic dimension whose second exterior and symmet-
ric powers are simple, while determining the decomposition of its
third tensor power into simple objects, thus answering a question
by P. Deligne. We also define a related model suggested by P.
Deligne based on interpolating initial segments generated by os-
cillator and linearized vector representations of symplectic groups
over finite fields. We prove that this construction gives, gener-
ally, semisimple pre-Tannakian categories graded by finite groups
of order 4.

1. INTRODUCTION

In this paper, we study questions at the intersection of representation
theory and category theory. We begin with the latter perspective,
which is easier to describe in general terms.

Recall that by a pre-Tannakian category over C, we mean a C-linear
abelian category with a C-bilinear associative, commutative, unital ten-
sor product, which is locally finite in the sense that Hom-sets are
finite-dimensional C-vector spaces, is rigid in the sense that objects
have strong duals [3], and satisfies End(1) = C. An abelian category
is semusimple if every object is a direct sum of finitely many simple
objects. Examples of semisimple pre-Tannakian categories with given
properties are often difficult to construct.

Our first result on pre-Tannakian categories is the following theorem,
answering a question of P. Deligne:

The author was supported by a 2023 National Science Foundation Graduate
Research Fellowship, no. 2023350430.
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Theorem 1. For every natural number g which is a power of a prime
not equal to 2 or 3 and everyt € C such that q* # +1, +q, there exists a
semisimple pre-Tannakian category €, over C generated by an object
X of dimension ¢* such that X, A*(X), Sym*(X) are simple and

(1) dim(End(X®*)) = 2q + 2.

This theorem is proved by applying the technique of interpolation
(see [1, 4, 11, 12]) to the category of direct summands of tensor powers
of oscillator representations. We use the technique of T-algebras, which
was introduced by the author in [11, 12].

The main input is the oscillator, or Weil-Shale, representation w,
of Sp(Viy) x Hn(F,), where Vy is a 2/N-dimensional vector space over
a finite field F, with a symplectic form and Hy(F,) is the Heisenberg
group determined by Vy, depends on a choice of a € F* (detemining,
by Pontrjagin duality, a character v, : Fy — C*). More detail on
these objects is given in Secion 2 below. The proof of Theorem 1
uses certain facts about the oscillator representation, due to R. Howe
(7,8, 13]. The main point is a passage from representations of Sp(Vy) x
Hy(F,) to representations of Sp(Vy), which has the effect of reducing
the exponent of tensor power of an oscillator representation by 1.

This allows us to prove the statements of Theorem 1 about semisim-
plicity of A%(X) and Sym?(X), as well as formula (1).

On the other hand, (1) raises the question [2] of decomposing X ®?
into simple summands which, in return, turns into a question of de-
compositionn of w, ® w, as a representation of Sp(Vy) into simple
summands. These endomorphism algebras can be studied using T-
algebra data.

Using this approach, we prove

Theorem 2. For q a power of a prime not equal to 2 or 3, as repre-

sentations of Sp(2N,F,) = Sp(Vx), for a,b € F), the decomposition

of we @ wy, into irreducible representations can be calculated as follows:

e Case 1: Ifa = —be (F))/(FX)? then, letting x : F} — C*

denote a general multiplicative character of Fy and letting €
denote the quadratic character, we have

Wo ® wp =

2 _ = =
(2) & 2-Z, e (ZrteZ)Ye (2 - 10 Z @ Z])
{xIx?#1}/x~1/x
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for simple non-isomorphic Sp(2N, F,)-representations Z,,, Z=, Zli
of dimensions

2N
. g —1
dim(Z,) = =)
q2N -1
dim(Z5) = dim(Z.) = =—-—
2(q —1)
) . 1 q2N —q

e Case 2: Ifa# —be (Fy)/(Fy)?, then, letting 0 : pg1 — C*
denote a general character of the group pg+1 of (¢ + 1)th roots
of unity in C* and letting o denote the character of order 2, we
have

wa®wbg

) B 2v|errev)ed o)
{0]62£1}/0~1/0

for simple, non-isomorphic Sp(2N, F,)-representations Y, V.=, Yli
of dimensions

2N
. g —1
dim(Yy) =
im(Yp) |
N q2N_1
dim(Y ") =dim(Y ) = —
Zm( 0’) Zm( O’) 2<q+1>
1 2N
dim(YE) = = - a +qj:qN :
2 q+1

Comments: 1. The statement of the theorem remains valid for N = 1
(where Sp(Vy) = SLy(F,)) with the modification that one of the Z;,
YE is 0.

2. Case 1 is more classical and uses a result of Howe that w, ® w_, is
isomorphic to the C linearization (2 of the basic (vector) representation
Vn of Sp(2N,F,). The characters y involved in (2) are of “Harish-
Chandra” type.

Case 2 involves constructing a j¢,41-action on

(4) Endsyong,)(Wa ® wp)

when a # —b € (F))/(Fy)?. Correspondingly, the characters 6 in (3)
are of “Deligne-Lusztig type,” although we construct them directly by
studying idempotents in (4).
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P. Deligne [2] remarked that one can interpolate tensor products of
the representations @W,, @ (for a # b € (F))/(Fy)?) and @, ® @, with
summands of the nth tesnor powers of the linearized vector represen-
tation of Sp(2N,F,) = Sp(Vn), n < N. The resulting model is graded
by Z/2 x Z,/2 resp. Z/4 depending on whether ¢ = 1 mod 4 or ¢ = 3
mod 4. In Secions 7 and 8, we construct this model using T-algebras,
and prove the grading. We also show that the resulting category is
always semisimpifiable and is already semisimple pre-Tannakian when
q' # +q¢", n € Ny. Following an idea of A. Snowden, we also show that
this model Z,; does not come from a measure on oligomorphic group
in the sense of [4].

Finally, translating back into representations of Sp(Vy) x Hy/(F,)
and applying interpolation, we obtain the following result about the
category %, of Theorem 1:

Theorem 3. In the category .., ¢* # +£1,+q, the decomposition of
X®3 into simple summands is as follows:

e Case 1: Ifg=1 mod 3, then
(5)
X®3 o
P 2. X e XFfox o2 XPo X! @ X;)
{x:Fg =Cx[x2#1}/ (x~1/x)

for simple non-isomorphic objects X,, X=, X?, and )?f of di-

mensions
2t
. gt —1
dim(X,) = ¢ -
Zm( X) q q-— 1
q2t -1
dim( X)) =dim(X7)=q¢"  —
2(q—1)
dim(X?) = ¢!
" ¢ 2
dim(X¥)=L. (q 7, qt> .
2 qg—1
e Case 2: Ifq= —1 mod 3, then
X®3 o~
(6) o) 2- X | o (X o X)) e (X e X))

{0:11g+1—CX |07£1,0}/(0~1/6)
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for simple non-isomorphic objects Xy (for 6 # 1,0), X=, and
X5 of dimensionss

2t
. g —1
dim(Xy) = q' -
im(Xg) = q |
N . q2t_1
dim(XH) = dim(X) = ¢ - +——
t 2t
dim(x*) = L. (q_ﬂiqt) _
2 qg+1

Comment: Again, the statement of Theorem 3 remains valid for
q¢' = £q with the modification that one of the objects XfE7 resp. Xli,
becomes 0. Therefore, in this case, dim(Endq, ,(X®?)) = 2q + 1.

The present paper is organized as follows: Section 2 contains pre-
liminary computations with the oscillator representation. Section 3
discusses the proof of Case 1 of Theorem 2. The proof of Case 2 of The-
orem 2 is completed in Section 4. Sections 5 and 6 treat interpolation:
In Section 5, we discuss the T-algebra method and its applications; in
Section 6, we discuss semisimplicity and prove Theorem 3. In Sections
7 and 8, we treat the graded models ;.

2. THE OSCILLATOR REPRESENTATION AND ITS POWERS

The purpose of this section is to introduce the Weil-Shale represen-
tation and its restriction to the symplectic group, and record some
general computations, old and new, with the products of Weil-Shale
representations. The key point is to establish the interplay between
representations of Sp(Vy) x Hy(F,) and of Sp(Vy) which is intrinsic
throughout our discussion.

We also prove the claim of Theorem 1 fort = N > 1 € N, ver-
ifying (1) for basic object X = w in the category of representations
Rep(Sp(Vn) x Hn(F,)). To do this, we use a passage from the endo-
morphism algebras of tensor powers of w in Rep(Sp(Vy) x Hy(F,)) to
the endomorphism algebras of tensor powers of w of one degree less
in Rep(Sp(Viy)). This comes from the classical fact [6] that the ten-
sor product of w with its dual is the permutation representation CVy,
which we include an explicit proof of. We also include a preliminary
result of P. Deligne [2] (Theorem 6 below) about a tensor product of
non-dual Weil-Shale representations, which will be needed later to ex-
plicitly decompose w®3.
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2.1. Construction of the Weil-Shale representation. The con-
struction of the classical Weil-Shale representation [13, 7, 8] goes as
follows: For a ¢ which is a power of a prime not equal to 2, suppose
Vv is a 2N-dimensional vector space over I, endowed with a symplec-
tic form. To avoid confusion, we specify Vy in the notation of the
symplectic group Sp(2N,F,) = Sp(Vy) from now on. Recall that the
Heisenberg group is

HN(]Fq) = VN X ]Fq
with the operation that for v,w € Vi, A\, u € F,
(v, (w, 1) = (w+w, A+ p+ (v, w))

(and therefore 0 x IF, is the center of Hy(F,)). The symplectic group
Sp(Vy) acts on Hy(F,) by acting tautologically on the factor of Vi
and trivially on the center. Consider the group

Sp(Vy) x Hy (F,).

For a non-trivial character
Y :F, - C~,

there is a unique ¢"-dimensional irreducible Hy (F,)-representation wy,
(over C). Then wy, forms a representation of Sp(Vy) x Hy(F,) called
the Weil-Shale representation (a priori projective but an actual repre-
sentation for a finite field F,, see [7]). For the remainder of this note,
when 1) is fixed, and we will omit it from the notation. When v is not
fixed, we may also write w, where a € F is the element corresponding
to ¢ under a fixed identification of F with its non-trivial multiplicative
characters.

To avoid confusion, we write W to denote the restriction of w to
Sp(Vy) and the inflation of this restriction to a representation of Sp(Viy)x
Hy (F,) by letting Hy(F,) act trivially.

Considering the usual inclusion GLy(F,) C Sp(Vx), the restric-
tion of w to GLy(F,) gives the permutation representation CF) where
GLN(F,) acts on Fév by matrix multiplication, tensored with

(7) e(det)

where det : GLy(F,) — F) is the determinant map and € : F* — C*
is the character of order 2.
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2.2. Decomposition of the third power. We need to study the
endomorphism algebras of tensor powers of w. We begin by proving
the claim of Theorem 1 for ¢t = N > 1 € N, i.e. the following

Proposition 4. For any N > 1 € N, for any Weil-Shale representation
w of Sp(Vn) x Hy(F,), we have

(8) dim(Endsp(vN)MHN(Fq)(W®2)) =2
and
(9) dim(Endsp(vN)xHN(qu)(W®3)) =2q+2.

To calculate dim(Endgyvy)xiy F,) (WE")), write
Q=w® W)

We first claim the following

Lemma 5. For N > 1, as a representation of Sp(Vy) X Vi, § is
isomorphic to the space of functions on Vi :

ReSSP(VN)NHN(]Fq)(Q) ~ {f SV — (C}

Sp(VN)KVN
where an element (A, w) € Sp(Vy) x Vi acts on a function [ : Vy — C
by sending it to the function
(A,w)[f] : Vy = C
where for v € Vy

(A, w)[fD)(v) = ¥ ({v,w)) - f(A(v)).

Proof. First note that we may write

Q:@QU

veVN

for lines €, such that an element w € Vy = Vy x {0} C Hy(F,)
preserves each (), and acts by multiplication by the character

x = Y((v,w)) - T.

2 can then be considered as the space of global sections of an Sp(Vy)-
equivariant line bundle €2, over Viy (as a discrete set) where the action
of Sp(Vy) on © induces an action of Sp(Vy) on the line bungle, i.e. for
v € Sp(Viv),

() = Qs
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However, €, forms a trivial Sp(Vy)-equivariant line bundle, meaning
that for every v € Vy, the stabilizer subgroup Sp(Vy)" C Sp(Vy) fixing
v acts trivially on Q,: At v =0, for N > 0, Sp(Vx)? = Sp(Vy), which is
a perfect group (meaning that it has no non-trivial abelian quotients),
and therefore acts trivially on y. For v # 0, taking W, to be the
quotient of the orthogonal space Vi of vectors perpendicular to v by
F,-multiples of v,

Sp(Vn)* = Sp(Wo),

which again is a perfect group (for N > 0).
Therefore, €2 is the space of global sections of the trivial Sp(Viy)-
equivariant line bundle, i.e. a space of functions

(10) Q={f:Vy —C},

and the action of Sp(V) x Vy C Sp(Vy) x H,,(F,) on a function f in
(10) is given by Sp(Vy) acting by composition, and w € Vy acting by
sending f to the function

VN — C
v = P((v,w)) - f(v)
O
By Lemma 5, we therefore have
Sp(Vn)xHpy (Fq ~ .
Ressﬁvﬁwﬁ( )(Q®k) =~ {f:V{ — C},

which is generated by the character functions 1. 4,,,) for v; € Vy
(which is 1 at (vy,..., 1) and 0 at all other elements of Vett).

The fixed points

~ Sp(Viv ) Hy (Fy

(11) (Q®k+1)HN(IFq) ~ (R Ssigvxixvg( )(Q®k+1))VN

(the isomorphism follows since F, C Hy(F,) acts trivially on Q) are
then generated by 1, y for v; € Viy such that for every u € Vy,

7777 Vk+1

meaning that for every u € Viy

<U,U1+...,Uk+1> =0,

which is equivalent to v; + - -+ 4+ vgy1 = 0.
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Therefore, (11) is identified with the space of functions on Vit with
support on
(12) {(vl,...,ka) EVX?JFI |U1+"'+Uk+1:O€VN}.
Thus, for every k € N, there is an isomorphism

(13) Resg) = E0(QeF) 2= (Qoke v

as representations of Sp(Vy) for N >> 0 following from Lemma 5 and
the isomorphism between (12) and VE.

Now, by duality,

Endsp(yvy )iy ) (W) = Homasp(vy iy e, (1, A7),
which is identified with the fixed points
(14) (Q®k+1)SP(VN)D<HN(Fq) ~ ((Q@k—i—l)HN(Fq))Sp(VN)‘

By (13), (14) is isomorphic to the Sp(Vy) fixed points

A A (i
p(VN !

which are isomorphic to
Homgpvy) (1, Q®k)'
Therefore, for t € C \\Z, for N >> 0,
Endsp(vy) iy ) (W) 2
Homusy(vy)wiiy 5,) (1, Q¥1) = Homg,vy (1, Q%)
the dimension of which, by Lemma 5, can be calculated as the number
of orbits of Sp(Vy) on V.
For example, we can verify that
EndSP(VN)NHN(]Fq)(w) =1
0

(the number of Sp(Vy) orbits of V) =
simple.

), and therefore that w is

The proof of Proposition 4 is also similarly elementary:
Proof of Proposition 4. We get (8) since the dimension of

Endsp(vy iy ,) (@) = 2

because Vi has two Sp(Vy)-orbits: 0 and Vy \ 0.
Finally, we get (9) since

Endsp(vy iy ) (W) = 2q + 2
because V2 has 2q + 2 Sp(Viy)-orbits, which are as follows:
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(A) 1 orbit of the form
{(0,0)},

(B) ¢+ 1 orbits of the form

{(v,0) [v eV}, {(0,0) [veVn},
{(v,A-v) [veVy}, for A€ FxX

corresponding to “slopes” A € P'(F,).
(C) q orbits of the form
{(v,w) | (v,w) = p, v, w linearly independent}, for p € F,.

2.3. A tensor product formula. To more explicitly calculate de-
composition of tensor powers of the Weil-Shale representations, we will
also need the following computation:

Theorem 6 (following P. Deligne, [2]). Fora,b € F) such that a+b #
0, as representations of Sp(Vy) x Hy(F,) for any N € N (as long as
Vn #F3),

(15) Wq & Wy = wab(a+b) ® Wa+b-

Proof. N is fixed. To simplify notation, in this proof, we omit the
subscript N of V. Let us denote by S(v,w) for v,w € V the symplectic
form of V. Write Vi, V5 for two copies of V', with symplectic forms 57,
S5 equivalent to S, and isomorphisms

V—=V
V= v;
fori=1,2.
It is enough to consider w,, w, as projective representation of the
quotient

(Sp(V) x Hy (Fq))/Z(Sp(V) x Hy (F,)),
which is the affine symplectic group
Sp(V) x V.

For every a € F, the representation w, for (V,S) is isomorphic
to wy for (V,a -S) (replacing the symplectic form S(v,w) on V by
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a-S(v,w)). Thus, w, ® w, for (V,S) can be considered the pullback of
wy for (Vi @ Vo, a- 51 +b-Ss), using the diagonal embedding

A: V=Vl

v = (v, v2)
Note that the pullback of the symplectic form a-S;+b-Sy on Vi & V5
along A is the form (a+0b)-S on V.
Now we may also consider an antidiagonal embedding

AN VoaViel,

v = (bvy, —avy),
which has image I'm(A’) orthogonal to I'm(A) using the form a-S;+b-S5
on Vi @ V,. The pullback of the symplectic form a-S;+b- 55 on Vi & Vs
along A’ is the form a-b- (a +b) - S on V. Reparametrizing using the
isomorphism
Vi Vo Im(A)® Im(A"),

we get an isomorphism between w; for (Vi ® Vs, a-S140-5;) and a tensor
product of the pullbacks of w; from I'm(A) and Im(A’). However, the
embedding

Sp(V)x V Sp(Vi @ Vo) x (Vi © Va)

|

(Sp(Im(A)) »x Im(A)) x (Sp(Im(A")) x Im(A"))

projects V' bijectively into the first coordinate I'm(A) (and to 0 on
the second coordinate Im(A')), though it continues to map Sp(V') —
Sp(Im(A’)) x Im(A’) diagonally. Therefore, we obtain that as (pro-
jective) Sp(V') x V-representations,

We @ wy = wab(a+b) @ Wa+b

(where now Wap(a+s) is considered as the Sp(V') x V-representation from
letting V' act trivially on the restriction of Wap(ats) to Sp(V)).

Since there is only one way to extend back to representations of
Sp(V) x Hy(F,), we can conclude (15). O

By Theorem 6, in particular, w®? can be expressed as a tensor prod-
uct of two inflations of restrictions w of some Weil-Shale representa-
tions, with one simple (unrestricted) Weil-Shale representation. There-
fore, to decompose w®? in Rep(Sp(Vy) x Hy(F,), we must decompose
degree 2 tensor products of oscillator representations @ in Rep(Sp(V)).
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3. PROOF OF THEOREM 2 - CASE 1

In the current and next section, we will prove Theorem 2. We shall
replace a, b in the statement of the theorem by A, B, to avoid conflict
with some notation we will need later.

Theorem 2 concerns the tensor product

(16) WA QWp

for A,B € Fy. We approach this calculation separately depending
on whether w4 and Wp are dual Sp(Vy)-representations. Recall two
classical facts about oscillator representations (see [7], for example):
that

(wa)” =w_a
(and therefore, (Wa)Y = wW_4, as well) and
(17) W4 S wp if and only if A= —B e (F))/(F))*.

Therefore, our cases of (16) separated based on whether or not

A=-Be (F)/(F)2

Proof of Case 1 of Theorem 2. Suppose A = —B € (F))/(Fy)* (i.e.
Wp = (w4)Y). By Lemma 5, we then have

waQuwp =2 CVy

where Sp(Viy) acts on CVy by matrix multiplication (identifying the
character function ).

To decompose CVy;, first note that for every A € F, the multiplica-
tion map

CVn — CVx
(v) = (W)
commutes with the action of Sp(Vy). Therefore, for a multiplicative
character
x:Fy— C%,
we may consider the Sp(Vy)-equivariant map

€y ! CVN — (CVN

() > = 30 A - ()
AeFy
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For multiplicative characters x : F; — C*, the endomorphisms
ex € Endspvy)(CVy)

form a system of disjoint commuting idempotents, and therefore, de-
noting their images by

Z, = e, (CVy),
we obtain a decomposition
(18) CWwe P 2.
x:Fg —Cx

Note that for every non-trivial x # 1,

2N
) g —1
(19) dim(Z,) = 1
and
q2N -1
(20) dim(Zy) = =1 +1

(the extra dimension arising from (0)).
Now consider the Sp(Vy)-equivariant map

f : CVN — (CVN

v > (w)
S(v,w)=1

where the sum for f(v) runs over w € Vi for which S(v,w) = 1. We
find that for x : IF; - C*,veVy,

M=2 > X

AGIFX S(Av,w)

1%1)(( =Y Z pi) =

pERy S(v,u)=1
e1x (f((v)))

and therefore, f restricts to isomorphisms
Zy = 2y

Therefore, we may rewrite (18) as

AeFy S(

CVy = 45 2-Z, | @ Z 2.
{xFg =C*|x#1,e}/(x~1/x)

For x = ¢, resp. 1, the map f restricts to an endomorphism of Z,
Z1. On Z,, we can use f to compute a further decomposition of Z,:
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To find idempotents in End(Z.), we must first calculate f|%2. For

v € Vy, we have
=3 > M)

,\e]F;< S(v,u)=1"1
and therefore

fofldeD =2, 2. 2.

)\GIFXS(UU =2"1 S(u,w)=

Without loss of generality, (using the standard model for V = (F,)¥ &
(F,)"), take v = (1,0,...,01]0,...,0). Clearly, there are ¢**~* choices
of u such that
S(v,u) = A"1
given by
w= (22 AL, )

where the 7 can be replaced by any element of IF,. For each such choice
of u, there is then one conributed term of the form

eN) - (=\,0,...0]0,...,0),

since S(u, (—A,0,...0]0,...,0)) = 1. Terms involving vectors w € Vy
which are not of the form

(=1,0,...010,...,0)
for A € F will arise (with equal multiplicity) from different choices
of u for each A€ IFX, and therefore, will have a coefficient which is a

multiple of Z €(A) = 0. Therefore, terms of this form cancel, and we

AeFy
have

F(f(ec(v))) = e(=1) - """ - ec(v)
(note that e(—1) = (_—1) ). In other words, we have

q
flz.o flz. = e(=1) - "' - ee.

We then have idempotents

er = L et flz, .
2 e(=1) - ¢!

Since f has trace 0, both e and e have trace

q2n_1
2(q—1)
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Write
Replacing Z., we get

CVy = &b 2. Z, | @ (ZF e Zz7) o 2.

{xF5—=Cx [x#1,e}/(x~1/xX)

It remains to decompose Z;. First, we identify
Z1 =2 CP(Vy) @1,

where 1 on the right hand side is generated by (0) € Vy, and P(Vy)
consists of 1-dimensional subspaces of Vi, by identifying an element
(v) € P(V) with

> (w) € Z, € CVy.

we(v)

(Note that P(Vy) = P2V ~1(F,), and v € Sp(Vy) acts on an (v) € P(Vy)
by sending it to (yv).) To decompose CP(Vy) further, consider the
endomorphism

g:CVy — CVy
(v) = > (w).
S (u,)=0, dim({v,u))=2
On CP(Vy), g acts by
glw) =" > (w),
(w) L(v), (v)#{w)

where the sum runs over all lines different from and perpendicular to
(v). Considering the (v) as a basis for CP(Vy), we see that

(21) tr(gleeva)) =0
We additionally see another fixed point
(22) Y. (o),
(v)eP(V)

meaning that we may decompose
CP(Vy) 2 1@ Z,.

On this summand 1, generated by (22), we see that
2

o D =" > )
(v)eP(VN) (v)eP(VN)
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since the lines (w) orthogonal to and different from (v) are indexed by
PAY2(F,)  {(v)}, and
oN-1 _ 2N _ g

23 P2N2(F S S . S—
N ) —
Therefore, on the summand 1 C CP(Vy), ¢ acts as the identity multi-
plied by (23), and therefore has trace (23). Hence, combining this with
(21), we see that
2N g

¢—1

It remains to decompose Z;. First, we must calculate 9lz, 09|z, We
begin by calculating

tr(glz,) = -

(24) glepy) © glepvy) ((v))

for some (v) € P(Vy).

As stated before, there are (23) elements (w) such that (v) L (w)
and (v) # (w). Since the roles of v and w are symmetric, each of these
choices contributes a term of (v) in (24). In other words, g|cpvy) ©
g |<CIP(VN) has a term of the form

AN g

qg—1
Next, for each (w) such that (v) L (w) and (v) # (w), the choices
of (u) such that (v),(w) L (u) and (u) # (v),{w) are indexed by
P2V=3 < {(v), (w)}, and

(25) - Ldep(vy)-

oN_3 B q2N72 -1
PNAQ) (ol = = =2

Each choice of (u) contributes one term of (w) in (24), giving in total,
a term of the form

(w) L(v), (v)#(w)

Therefore, g|cp(vy) © glcp(vy) also has a term of the form

2N—2

q -1

26 —_—
(26) —

All remaining terms (w) occuring in (24) must then satisfy that

(v) £ (w). We must count the number of (u) such that (u) L (v), (w),

which therefore implies that

(u) # (v), (w)

—2) - glepvy)-
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(by assumption on w), which are precisely indexed by P?V=3(F,). We

have
2N-2 _

]P>2N73 F — q
o) = L
Therefore, g|cp(vy) © glcp(vy) has a term of the form

(27) )| X w
(v) £ {w)
Hence, (24) is
q2N—1 —q q2N—2 1
W+ (=2 +
(28) 2N—-2
e N ISR
(v) £ (w)

To calculate, for v € Zl,
(29) 91z, © 9z (),

note that in (28), as an element of Z;, we have

Yowy == D (w ] =) +alz ()

(v) L(w) (v) L(w)
Hence, collecting coefficients, we see that in Zl,

2N —1 2N —2
q —q—q +1
9lz, 0917 = —2-g({v)) + — (v) =

=—2-g((0)) + (" = 1) - (v).
Thus, the eigenvalues of ¢ 7, are
"' —Tland — (¢t +1),
and we can define idempotents
_9la+ (@ + ) 1dy,

g—&-.

1 - 9. qul )
and Vot
L glp ¥ 1) Ty,
1 9. qN—l
Writing

Zi = Im(&),
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we have

~ 1 2N _

To summarize, so far, we have decomposed the Sp(Vy)-representation
CVy as

(30)
CVy =
b 2. Z e ZFez e 2102 @ Z)
{x:Fg =C* [x#1,el/(x~1/x)
with
q2N -1
dim(Zy) = —— for x € {x : Ff' = C* | x # L e}/(x ~ 1/x)
N q2N _ 1
dim(Z') = dim(X.) =
dim(7F) = L (=0 4 g

giving the claimed decomposition in Case 1 of Theorem 2.
If all these summands are non-isomorphic and are simple, we then
can calculate that, as a C-vector space,

Endsy(vy)([@a®@W_4) =
qg—3

(T : MQ(C)) ®(CaC) o (M(C)aCaC)

where Ms(C) denotes the 2 by 2 matrix algebra on C, and therefore
we recover that

dim(Endgp(VN)(wA & wa)) = dzm(Endsp(VN)(CVN)) =
dim(HomSp(VN)(l, C(VN @D VN>> = 2q + 2,

(since CV,, is self-dual), agreeing with the argument and count of
Sp(Vn)-orbits in CVy at the end of Proof of Proposition 4. If any
of the summands of (30) are non-isomorphic or split further, the di-
mension of Endgyv,)(@a ® w_4) would larger, giving a contradiction.
Thus, we have proved Case 1 of Theorem 2. 0
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4. PROOF OF THEOREM 2 - CASE 2

We now consider the case A # —B € (F;)/(Fy)?. Unlike in the case
of A= —B € (F))/(Fy)? now w4 ® Wg is not isomorphic to 2, so we
need to develop a new formula for composition in

(31) Endsp(VN) (wA & wB).
This will be done in Lemma 7 below.
4.1. The multiplicative structure of (31). We begin with some

preliminary dicussion.
By duality, we have an isommorphism of vector spaces

Endsp(vy)(@a ® Wp) = Homspvy) (1, (@4 @ W)) @ (@5 @ Up))-
Again, we apply the classical fact that
WAQWy Xwp Wy = CVy,
to obtain an isomorphism
(32) Endsyvy)(@a @ W) = Homgpy) (1, C(Vy @ Vy)).

The space Homgyv,)(1,C(Vy @ Vy)) can be considered as a subspace
of C(Viy @ Vi) generated by fixed points of C(Vy @ Vy) under the
(diagonal) action of Sp(Vy), i.e. sums

S (0 w)
(v,w)€O

for Sp(Vy)-orbits O C Vy @ V. Equivalently, using the description of
the orbits of Vv & Vi in the proof of Proposition 4, we may consider
generators

= (0,0),
fri= D0 (@A), for A€ P(R,), (taking fo = > (0,v))
vEVN veVN
Gy = Z (v,w) for v € .

v,weVn, S(v,w)=v

(note that here we consider “closed strata” elements, meaning that we
allow v to be 0 in the definition of f, and allow v,w to be linearly
dependent in the definition of g, ).

Write o = B/A. We claim the following
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Lemma 7. Using the identification (32), the endomorphism algebra
(Endgpvy)(@a®Wp),0), is isomorphic to a sub-algebra of C(Vy @ Vi),
generated by ¢, fy for X\ € PY(F,), and g, for v € F,, with respect to
the algebra operation

*:C(Vyd V) @C(Vy ®Vy) = C(Vy & Vy)
given by
S(va, v1) + S (ws,
(33) (Ul,wl)*(vz7w2) — wA( (UQ 'Ul) 20( (IUQ wl)

where Y4 : F; — C* denotes the non-trivial additive character corre-
sponding to A € F.

) (v14v2, Wi +ws),

Proof. First note that, identifying
Endgpvy)(@a) = Homgpy)(1,wa @ wy) € CVy,
the composition operation
o : (Endgpvy)(@a))®? = Endgyvy)(@a)

can be described as the composition

(Homgp(VN) (1, Wa U_JX))®2

Homsy(vy) (1,04 @ W) @ W4 QW)
N——

Homsp(VN) (1, Wa R w\j‘)

with the top map being tensor product of morphisms (without re-
ordering) and the bottom map being composition with

Ids, ® €@ Idgy WA QWY QWARWY — Wa @ Wy
N——
where
€Wy ®ws— 1
denotes the unit map of the indicated tensor product of @Y% and W4.

Now, let us consider {24 to be the quotient of the group algebra
CHy (F,) such that Q4-modules are Hy (F,)-representations with cen-
tral character 4. Then Q4 has basis (v) for v € Vy with operation

() 5 () = w22

) (v+w).
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Since wy is the only irreducible representation of Hy (F,) with central
character 14, its €2 ,-module structure gives an isomorphism of algebras
from €24 to the vector space endomorphisms of wy

(34) QA = Endc(wA).

By the unique definition of Sp(Vy)-action on wy, (34) is an isomor-
phism of Sp(Vy)-representations (with Sp(Vy) acting Q4 as the per-
mutation representation and acting on Endc(wa) as wa ® Wy. There-
fore,

EndSP(VN)(wA) = (Endc(wA))SP(VN)7

with composition, is a sub-algebra of 24 with % 4.

Now in Endgpv,)(@Wa ® Wp), the composition operation

o (Endgpvy)(@Wa @wp))®? — Endgyvy)([@a ® Wg)
f®g—foyg

can be described as a composition of product, permutation, and trace:

(Endgpvy) (@ @ @p))**?

| |

(35) Endspv)(@a @ @p)®?) —> Endsyuy) (@4 @ wp)®?)

Endsyvy)(Wa ® Wp)

where 7 denotes tensor product of morphisms (with no re-ordering of
tensor factors), ? o< sends an h € Endgpvy)((Wa ® Wp)®?) to hog
where
s: (@a®wE)* = (Wa®wp)®
switches the two tensor factors (W4 ® @Wg), and 7 maps an endomor-
phism h € Endgpyvy)((@a ® wp)®?) to its trace, matching the second
factor of (W4 ® Wp) in the source with the second factor of (W4 ® Wp)
in the target.
Again, this corresponds to the algebra operation on

(36) Homgpvy) (1, ([@a @ w4) ® (Wp @ wy)) C C(Vy @ V).

Since in the composition (35) the factors W4 ® Wy are preserved, the al-
gebra (36) is a sub-algebra of 4 ®Q 5 with respect to algebra operation
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* = x4 ®*g. Now for (vi,w1), (ve,ws) € Q4 ® Qp, we have
(37)

(v1, w1) * (V2, wa) = Ya( (02701)) @DB(M) (01 + vo, wy + wo).

By definition,

wA(—S(UZ’ Ul)) '¢B(—S(w227 wl)) = wA(—S(UQ’“)) wA(—@;Q’wl)) _
S(vg,v1) + a - S(wa, wy)
ba( 5 )-
Applying this to (37), we obtain the operation (33).
U

4.2. Some idempotents. Now, since for every (v,w) € Vy & Vy,
(v,w) *(0,0) = 14(0) - (v,w) = (v,w),
the unit of x is ¢ = (0,0). For A € P}(F,), we have
horfi= ) (0 20) % (w, w) =

v,weVN

Z al 1—|—oz)\2) S(w,v)

) (v +w, AM(v + w)).

v,wWEVN
Reparametrizing this sum using x = v + w, we obtain that

(1+ aX?) - S(x,v)
2

(38) Ihx = Z Pa( ) - (2, A\r).

v,x€EVN

Since, by assumption, —a € F is not a square, there are no values of
A € PY(F,) with 1+ a\? = 0. Therefore, since in (38) the coefficient of
each (z,Azr) is a sum over all v € Vly of an additive character, applied
to a non-zero multiple of S(z,v), the only surviving term with non-zero
coefficient is for z = 0. Thus,

hoxf=q"-(0,0)=¢" -1
Therefore, for A € P}(F,), we have idempotents

+ . vE fa/q"
e)\ «— T.

To calculate trace, note that the trace map

CVN%wA®wX—>1
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is defined by sending (0) to ¢", and (v) to 0 for v # 0 € Viy. Hence,
tr(t) = tr((0,0)) = ¢**, and the only contributing term of fy is also
(0,0), so tr(fy) = ¢*, as well. Therefore,

2n + "
tr(ey) = a <.
2
Now, for A # pu,
Porfu= D (v, 20)* (w, pw) =
v,weVN

(39) o w, v
Z Ya( d+ )‘N) Stw, ))-(v+w,)\v+uw)).

Writingx:v—l—w, y = \v + pw, we have
Hr —y AT —y
= w =

fr=2A" A—p’
and therefore
S(w,v) = i(% i)
Reparametrizing (39), we have
(1+ oz)\u S(w
funfo= 3 ua(EOAIS)) )
(40) z,yeVN M-_ )
jg:/¢ ( 1‘+(1AM)
A 9 [ — \ G-
velF,

(Note that this implies that using %, the f\ generate all the g, and
therefore all of Endgpv,)(Wa ® @Wg).)

4.3. pgi1-character decomposition. For A, u € P'(F,), write

A+ A
41 Ak = ————.
(41) =T o
0
We need —a to not be a quadratic remainder to avoid — when A = —p.

Otherwise, when the denominator is 0, we define the aswer to be oo.
Further, we define

o0 x 00 = 0,

-1
A*x o0 = — for A\ # oo.
aA



24 SOPHIE KRIZ

Comment: Except for the factor «, this operation models the addition
formula for tan(x). One may, in fact, define the operation * on P'R
where tan(z)*tan(y) = tan(z+y), z,y € [—n/2,7/2] with 7/2 ~ —7/2.

From the point of view of Fy, the inclusion Fj; C GL(F,) in-
duces F,/F; C PGLy(F,), which gives a simple transitive action of

Z/(q+1) on the rational points of P!(F,), which is another way (up to
reparametrization) of describing the operation .

Then (40) can be expressed as

I fu= V%F: ¢A(m) “ Gu-

We then make the following
Claim 1. The operation (41) gives P*(F,) the structure of an abelian
group with unit 0 such that for every X\ € PY(F,),
Ax(=A)=0.
In fact,
(P'(Fy), %) = (Z/(q+ 1), +).

In particular, this claim implies that for every z, A, u € P*(F,),
f)\ *fu = fa:*)\ *fm*,u-

Therefore, since f, algebra-generate all of Endgyvy)(@Wa ® Wp) with
respect to *, for every z € P!(F,),
T Endsp(VN)(wA & wg) — EndSp(VN)(wA ® EB)

f)\ = fx*)\
is preserves the algebra structure. Thus Endg,w, (s ® wWg) forms a
Z/(q + 1)-algebra, and similarly as before, one can find idempotents
Ly € Endgpvy)(Wa ® Wp) corresponding to characters

0:Z/(q+1) — C*,

with
tr(g) ik P
r(tg) = or
0 q+1 ’
2N
tT’(Ll):q +4a
q+1
Writing
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the identification of § = 1/6 gives an isomorphism Yy = Y; p for 0 # 1,0
and splits Y, into two non-isomorphic summands Y= of dimension

2(g+1)

Finally, using ef, we find that Y] splits into two summands Y=, of

dimensions
1 2N
1 <q +q + qN) .
2\ q+1

We therefore obtain that Wy ® wp decomposes as

&P Yo|e (Y ey,)e M ey,
{0:2/(¢+1)=C* |0#£1,0}/(6~1/0)
As before, if these summands are non-isomorphic and simple, we

have
Endsyvy) (W4 Rwp) =

(q%l : Mz(C)) ®(CaC)d (CaC),

which is consistent with (32) and the count of Sp(Vy)-orbits of C(Vy @
Vi) in the end of the proof of Proposition 4. If any summands were
isomorphic or split further, the dimension of Endgyv,)(@a®wpg) would
become too large, giving the decomposition claimed in Case 2 of The-
orem 2.

Thus, it remains to prove Claim 1:

Proof of Claim 1. It is clear the * is commutative and associative. It
is unital with respect to 0, since

A
A =— =)
* 0 1 ,

and for every A € P!(F,),
B 0
14 a)?

(again, using the fact that, by our assumptions, « is not a square in Fy,
so the denomintaor is not 0. Therefore, (P!(F,),*) forms an abelian
group.

Ax (=)

To prove that (P'(F,), ) is cyclic, in then suffices to show that for
every prime ¢, there is at most one copy of Z/¢ forming a subgroup of
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it. For ¢ = 2, the only A\ which are their own inverses (i.e. satisfies
A = =), by above) are A =0, 00. For ¢ > 2,
00 % -+ % 00 = 00
¢

since oo = —oo and ¢ must be odd, and for A € F,,
(42) Ak ook )
—_—

¢
can be expressed as
P1(d)
P2(A)
for polynomials p; and py of degree ¢ — 1. Therefore, there for every
prime /¢, there are at most £ elements of degree ¢. Thus, (P*(F,), %) is
cyclic, and therefore isomorphic to (Z/(¢+ 1), +).

-

O

Thus, we have proved both cases of Theorem 2.

5. INTERPOLATION I: THE T-ALGEBRA STRUCTURE

In this section, we move away from classical rerpesentation theory,
and describe the method of interpolation using the technique of T-
algebras. The goal of this section is to begin constructing the categories
claimed in Theorem 1 for values of ¢ € C not natural numbers.

5.1. T-algebras. Recall that a C-linear additive category with a C-
bilinear associative, commutative, unital tensor product and strong
duality which is generated by a basic object X can be axiomatized by
its T-algebra

T(S,T) = Hom(X®%, X®T)
(see [11, 12], following [1], Chapter 10):

A T-algebra T is a universal algebra structure which consists of the
data of vector spaces T (S,T") corresponding (functorially) to pairs of
finite sets S, T, along with the data of partial trace operations

(43) T : T(S,T) = T(S\S,T\T)

corresponding (functorially) to bijections ¢ : " — T for subsets S’ C
S, T" C T, the data of product operations

I T(Sl,Tl) X T(SQ7T2) — T(Sl II SQ,Tl HTQ)
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for finite sets Si, S, 711,15, and the data of two types of “units” 1 €
T(0,0) and ¢ € T({1},{1}) satisfying suitable axioms (see [11, 12] for
details).

For a T-algebra 7T, we may conversely construct an additive C-linear
category € (7) with a C-bilinear associative, commutative, unital ten-
sor product and strong duality which is generated by a basic object X,
by first constructing a category € (T )o with objects

Obj(B(T)y) = {X® @ (XV)®T | S, T finite sets}
and morphisms
HOm(K(’T)O (X®S1 ® (X\/)®T1’ X®SQ ® (XV)®T2) — T(Sl 11 TQ, SZ 1I Tl)

We construct €'(T) by formally adding direct sums to € (7)o and tak-
ing a pseudo-abelian envelope (for more details, see [11, 12]).

Recall from F. Knop [9, 10] that there is an interpolation Rep(G L. (F,))
of the category of representations Rep(GLy(F,)), which is generated
by a basic object X of dimension ¢' (interpolating (CIF{IV ), which is
semisimple and pre-Tannakian for ¢ € C \ Ny. One may consider the
spaces of morphisms

(44) Hompep(Grie,) (X7, X70),

for finite sets S,T. As a vector space, note that (44) is isomorphic to
(45) Hompepary e, ((CFy)®%, (CFY)®T),

for N >> 0. Let us denote by

(46) V(S,T)

the subspace of (45) of morphisms that preserve the action of Sp(Vy) x
Hy(F,) (taking Vy to be a symplectic space of dimension 2N), for
N >>0.

We claim that V(5,T), considered as a subspace of (44), forms a sub-
T-algebra of the T-algebra corresponding to Rep(GLi(F,)) generated
by X.

The T-algebra Trepar,(r,)) corresponding to Rep(GLy(F,)) gener-
ated by X is defined by taking spaces (44), describing partial trace
by using the strong duality of X and composition with evaluation and
coevaluation morphisms, and taking product to be the tensor product
of morphisms (the two “units” then being ¢ = Idx and 1 = Id,).
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To describe this approach in more detail, we can identify the vector
space Trep(aL.(F,)) (S, T'), for finite sets S, T', with the free C-vector space
generated by equivalence classes of quotients

(47) fFM =F {e;|i€ SUT} »V

with the equivalence relation that f is equivalent to any composition
of f with an automorphism of the target.

The product 7 of two quotient maps is a sum of all possible “amal-
gamations” of the target vector spaces. For more detail, see [12].

Partial trace can be defined by, for subsets S’ C S, T C T, and a
bijection ¢ : S — T", describing 7,(f) for f as in (47), and extending
linearly.

If there exists an ¢ € S’ such that f(e;) # f(egs)), then take 7,(f) =
0.

If for every ¢ € " we have f(e;) = f(eg)), then we take 74(f) to be
a multiple of the restriction of f |1F§SHT)\<S/HT,)’ where the coefficient is

determined by the difference of dimensions
¢ =dim(V) — dim([m(f|F(SUT)\(s/UT/))),

by being 1 if £ = 0, and

(qt . qdim(V)—l) . <qt . qdim(V)—Z)

if ¢ # 0. This formula for general ¢ is obtained by polynomially (in ¢")
interpolating the respective formulas for N >> 0.

5.2. The T-algebra for %,;. For the purposes of Theorem 1, we may
restrict attention to the Hom-spaces Home (X ®%, X®T) where |S| = |T|
(the graded context — we can set the other Home(X®%, X®T) to 0.) We
shall assume this convention throughout the rest of this paper.

Now recall the space V(S,T) of (46).

Lemma 8. Fort € C ~\ Ny, the restriction of the partial trace maps
7o Trep(@Lo®) (9, T) = Trep(arow)) (S~ S, TN T')
for finite sets " C S, T" C T, and bijections ¢ : S — T" (|S| = |T),
|S’| = |T"|), and the product maps
T Trep(@Lo (7)) (S1, T1) @ Trep(ar,(v,)) (52, Ta) —
— TRep(GL.(F,)) (S1 L S2, Ty LT T)
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for finite sets Sy, So, T1, T, to V(S,T) and V(S1,T1)RV (S, T3), respec-
tively, have images contained in V(S\.S", T\T") and V(S,11Sy, ' 11T5),
respectively.

Proof. The statement holds for N >> 0 (note that tensoring with (7)
can be neglected for our purposes since we are only considering the
graded part of the T-algebra for Rep(GLi(F,))). Therefore, it holds
for a general t since the constants involved are polynomial in ¢! for
t=N. O

Write V; for the T-algebra formed by the vector spaces V(S,T) and
the partial trace and product maps of Trepar.(r,))-

We may therefore consider the category ¢'(V), which can be consid-
ered as generated by an interpolation w of the Weil-Shale representa-
tion. We write

?q,t = %(Vt)

Since V, forms a sub-T-algebra of Trepar,(r,)), the category ?q,t forms
a subcategory of Rep(GL(F,)).

6. INTERPOLATION II: SEMISIMPLICITY

In this section, we complete the construction of the categories in
Theorem 1 and complete the proof of Theorem 1. We also prove the
decomposition of X®3 claimed in Theorem 3 using Theorem 2. We
begin with some general observations.

6.1. Some remarks on semisimplification. In an algebra A of the
form

(15) A=T[ @)

the general trace is of the form

n

tr(A) = by~ tr(Ay),

k=1

for A= (Ay,..., A,) € Awith Ay € M (C), for some by, # 0.
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Lemma 9. For A € A, zfﬁ‘(A) % 0, then for every N € N, there
exists an M > N such that tr(AM) # 0.

Proof. Write A = (Ay,...,A,) € A, for A, € M(C). Without loss of
generality, the matrices Ay are in Jordan form. Thus, our statement
reduces to the following:

Claim: Let A, ..., \,, € C be different numbers. If, for some numbers
ag,...a, € C

041)\1+"'+Oém)\m7é0,
then for all N, there exists an M > N such that

a A+ a M £ 0,

Without loss of generality Aq, ..., A, # 0. Then the matrix

PYANED A D A
A= : : :

)\N )\N—l o )\N-l—m—l

is non-singular by the Vandermonde determinant.
Thus, there exists a vector v = (vy, ... v,)T such that (A, ..., \,)T =

A -v. Thus, if

(o1, .. ,a) - A =0,
then

1AL F o F A = (Q, ., ) A =
(Oél, R 7Oém)0 =0.

Contradiction.

Recall that, for a locally finite, C-linear additive category with a
C-bilinear associative, commutative, unital tensor product and strong
duality, one can form the semisimplification (see [1], Section 6.1) by
quotienting out negligible morphisms (i.e. morphisms f : X — Y such
that for every morphism g : Y — X the trace tr(go f) is 0).

Lemma 9 then gives the following

Proposition 10. The (pseudo-abelian envelope of the) semisimplifica-
tion of a locally finite, C-linear additive category € with a C-bilinear as-
sociative, commutative, unital tensor product and strong duality which
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1s generated by an object X, is semisimple if and only if for every
a € End(X®™),

(49) tr(a) 20 = YN ¢ NIM > N tr(a™) #0.

Proof. Necessity follows from Lemma 9 (since this is a general form of
a trace in a semisimple algebra).

To prove sufficiency, given the assumption, if a € End(X®") is non-
negligible, say, tr(ab) # 0 for a b € End(X®"), then for every N € N
there exists an M > N such that

tr((ab)™) £0,
and hence a ¢ Jac(End(X®™")). Thus, the semisimplification of € is
semisimple.

O

This implies the following

Proposition 11. If the category € (T) for a T-algebra T is semisimple
(pre-Tannakian), then for every sub-T-algebra V C T, the (pseudo-
abelian envelope of the) semisimplification of € (V) is semisimple pre-
Tannakian.

Proof. The condition (49) remains true in V. O

6.2. Proofs of Theorem 1 and Theorem 3. Applying this to our
sub-T-algebra V; (corresponding to the Weil-Shale representation) of
the T-algebra Trepar,(r,)) corresponding to Rep(GL.(F,)), we obtain
that the semisimplification

%q,t
of ?qyt is a semisimple category, giving the existence of a semisimple
pre-Tannakian category as claimed in Theorem 1.

What remains to show is that (1) holds for values of ¢' not equal to
+1, £q:

Lemma 12. For all t with ¢* # +1, +q,
(50) dim(Endyg, ,(w®?)) = 2q + 2.
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Proof. Since we have proved that the semisimplification €, of €, is
semisimple, it suffices to prove that

(51) det(tr(a; o a;))
is non-zero, where ai, ..., as2 is a basis of Endg (w®?).

The generators ay, . . ., as42 can be identified with the orbits of types
(A), (B), (C) at the end of the proof of Proposition 4. The number
(52) tr(a; o a;)

can be non-zero when the orbit a; contains a vector

wo= ()

Uz
(where uy, ug, vy, vy € ]Fflv) and the orbit a; contains the vector

Uz | V2
Uy | U1 ’

In that case, the number (52) is equal to the number of vectors in the
orbit a; (equivalently a;). We shall refer to the orbits a;, a; as contra-
gradient. We find that each orbit of type (A), (B) is contragradient to
iteself, while the orbit of type (C) corresponding to A is contragradient
to the orbit of type (C) corresponding to —A\.

The number of elements of the orbit of type (A) is 1. The number
of elements of an orbit of type (B) is equal to

q2n —1.

The number of elements of the orbit of type (C) corresponding to a
A # 0 is equal to
(q2n o 1)(]2”_1-

The number of elements of the orbit of type (C) corresponding to A = 0
is

(" =) (@ —q).

Thus, the number (51) is a polynomial in ¢** with factors ¢**, ¢*" — 1,

q*"—q?. Therefore, its zeros in z = ¢" are x = 0, £1, &q. The statement

follows. 0

We have therefore completed the proof of Theorem 1

Finally, we prove Theorem 3:
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Proof of Theorem 3. We begin by proving Theorem 3 for t = N. Fix
an a € F)Y, and consider the representation w, of Sp(Vy) x Hy (F,).
In particular, we obtain that

Wa @ Wq = Wags & Wag-
Therefore, by (17), we have
Wa @ Wq = Waq @ Waq-
Applying (15) again, we obtain that
(53) W =Wae @ (Wag ® Wy) = Wag ® Wee? @ Waa = (Waa @ Wea) @ Waa.
Therefore, we need to calculate
Waq ® Wea-
To apply Theorem 2, we must consider whether or not
2a = —6a € (F))/(F))?,
or, equivalently, whether or not —3 is a square in F, which is deter-
mined by ¢ mod 3.
Case 1: ¢ =1 mod 3.
Then since, by assumption, —3 is a square in F,, we in fact have
Wea = Way,

and therefore we get that a decomposition of w%? as ws, tensored with
(2) (where we consider Sp(Vy) representations as representations of
Sp(Vy) x Hy(F,) by letting Hy (F,) act trivially).

Therefore, by taking
Xy =2y ®@uwsq for x € {x : Fy = C* [ x # L e}/(x ~ 1/X)
X =7* @ ws,
XP=1Qws, = wsq
)?f = th X W3a,
we obtain the decomposition and dimensions stated in Case 1 of The-
orem 3 fort =N, X =w.

If all the summands of (5) are non-isomorphic and are simple, we
then can calculate that, as a C-vector space,
q—3

Endpep(sp(vi)xiny 7)) (W) = (T : Mz(C))@(C@C)@(M2(C)@C€BC)
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(where M5(C) denotes the 2 by 2 matrix algebra on C), and therefore
dim(EndRep(Sp(VN)KHN(Fq)) (w®3) = 2(] + 2,

agreeing with Proposition 9. If there were further decompositions or
additional isomorphisms, we would obtain more terms or larger matrix
algebras, contradicting Proposition 4. Hence, we may conclude that all
X, for x € {x : F} = C* | x # L,e}/(x ~ 1/x), XF, X7, and X
are all simple and non-isomorphic, completing the proof of Case 1 of
Theorem 3 at t = N.

Case 2: ¢ = —1 mod 3.

Then —3 is not a square in F, and therefore we get a decomposition
of w®? as ws, tensored with (3) (where again we consider Sp(Vy) rep-
resentations as representations of Sp(Vy) x Hy(F,) by letting Hy (F,)
act trivially).

Therefore, by taking

Xp =Yy @ws for 0 € {0: 12y — C* |0 £1,0}/(0 ~1/6)
X;t :Yai®OJ3a
X =Y ®@uws

we obtain the decomposition and dimensions stated in Case 2 of The-
orem 3 fort =N, X = w.

If all the summands of (6) are non-isomorphic and simple, then, as
a C-vector space,

—1
End pep(sp(viyiiy () (@) = (qT : M2(C)) e(CaC)a(CaC)
(where, again, M,(C) denotes the 2 by 2 matrix algebra on C). There-
fore we again recover that

dim(EndRep(sp(vN)KHN(FC,))(UJ®3) =2q+2,

agreeing with Proposition 9. As in the previous case, if there were fur-
ther decompositions or additional isomorphisms, we would obtain more
terms or larger matrix algebras, contradicting Proposition 4. Hence, we
may conclude that all Xy for x € {6 : g1 = C* | x # 1,0}/(0 ~ 1/0),
X+, and Xli are all simple and non-isomorphic, completing the proof

o

of Case 2 of Theorem 3 at t = N.

Therefore we have proved Theorem 3 at ¢t = N. Note the by defini-
tion, Theorem 3 also holds in

ngvt
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at all values of t € C. In particular, we recover the bad values ¢' = +1
and +¢q for Lemma 12 and Theorem 1 since the dimensions of X, Xy,

and X =X qi are 0 precisely in these cases. Away from these bad values,

since the dimensions of all simple summands of X®?* we can conclude
that the decomposition of Theorem 3 holds in the semisimplification

%q7t7

as well.

7. THE GRADED MODEL I: PRELIMINARY OBSERVATIONS

The purpose of the next two sections is to define and study a G-
graded semisimple pre-Tannakian category Z,; where G =7Z/2 X 72
when ¢ = 1 mod 4 and G = Z/4 when ¢ = 3 mod 4, and ¢* # +¢",
n € Ny. This model was suggested by P. Deligne [2]. Tt arises from
interpolating “initial segments of the category Rep(Sp(Vy))” generated
by CVy and the oscillator representations. We shall describe this model
using our method of T-algebra. We will also show in Section 8 beow
that Z,; does not come from a measure on an oligomorphic group.
This was an idea of A. Snowden.

To define this graded model, we begin with some preliminary facts,
including the construction of the T-algebra 7g,; (abbreviated to Tg,
when ¢ is fixed) defining Rep(Sp:(F,)) from taking the basic object
to be the permutation representation. In the next section, by exam-
ining the endomorphism algebras, we obtain a new T-algebra Tos.,
(abbreviated to Tps. where ¢ is fixed) with basic object interpolating
the sum of two non-dual oscillator representations. Using a result that
“grades” the initial segments of Rep(Spy(F,)), we will see that this
T-algebra implements this extra grading, and prove that it in fact de-
fines a semisimple pre-Tannakian category. Finally, we note that this
category can not be constructed using the formalism of oligomorphic
groups (see [4]).

7.1. Reflections of Lemma 7. To motivate how the T-algebra T,
can be constructed from the T-algebra Tg,, we recall the key observa-
tion in the proof of Theorem 2, namely Lemma 7 of Section 4, which
has a more general significance.



36 SOPHIE KRIZ

Recall that the key point of the proof of Lemma 7 is that for any
A € FY, the endomorphism algebra Ends,v,)(@a) with respect to
composition, is isomorphic to the subalgebra of CVy generated by ele-
ments fixed under Sp(Vy) action, i.e.

with respect to the operation
* CVN & CVN — (CVN

given by

S(w,v)
(0) % (1) = g (21220
(where, again, ¢4 : F, — C* denotes the character corresponding to
A by Pontryagin duality).

)'(U‘f‘ﬂ)),

In fact, note that, since for any choice of Ay, ..., A, € F, the en-
domorphism algebra
(54) (EndSP(VN)(wAl Q& wAn)’ o)

is isomorphic to the tensor product of the Endg,,(Wa,) with com-
position each, it is easy to generalize the statement of Lemma 7: We
have that (54) is isomorphic to the subalgebra of

(C(@ VN)? *)7
generated by Sp(Viy)-fixed elements, where
«: C(EPVw) @ C(E@ V) = C(E V)

is defined by

(U1, o, 0p) % (w1, ... wy) =
¢A1(S(w+’vl)).,.-'¢fxn(w) (o1 Fwi, .., U wy).

7.2. The T-algebra 7g,. In this subsection, we shall describe the T-
algebra Tg, defining Rep(Sp:(F,)) from the basic object CV;. In fact,
this is a sub-T-algebra of the T-algebra 7. defining Rep(G Lo (F,)),
treated in [12]. This observation also can be used to construct the cate-
gory Rep(Sp:(F,)) using a measure on the oligomorphic group Spe(F,)
by restricting the measure on GL(F,) constructed in [4].
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The T-algebra Tg,; of Rep(Sp:(F,)) comes from taking basic object
equal to an interpolation of the permutation representation

X =CVy.

We omit ¢ from the notation of the T-algebra, writing 7g,; = Tsp, to
simplify notation. We define the vector spaces of morphisms of g, as
follows:

Definition 13. For finite sets S, T, as a vector space, we define
Tsp(5.T) = Homsyvy) ((CVy)®?, (CVy)®T) =

HomSP(VN)<]'7 ((CVN)®SHT) - HomSp(VN) (17 C(@ VN));
ST

for some N >> |S|,|T|, which is the vector space of Sp(Vy)-fized ele-
ments of C(Dgpr Vv)-

We have already discussed these spaces in detail for [STIT| = 1,2
in the previous Sections. For general S, T, an alternate description of
this space, is the free C-vector space generated by surjections
(55) oUW

where W is a vector space with a possibly degenerate anti-symmetric
form Sy (over compositions of (55) with a form-preserving automor-
phism of W). We use this description primarily in our definition of Tg,
to emphasize the non-dependence on .

To give Tg, the structure of a T-algebra, recall that we must also
describe its product and trace operations, and the action of Xg X X
on each T(S,T). Product and trace are described in a smiliar manner
as in the T-algebra description of Rep(GL:(FF,)) given above, with the
added data of the (possibly degenerate) forms on the quotient spaces.

For example, for two generators of T (S1,77), T (S2,T2) of the form

fl : FgluTl - W17 f2 : ]F§2HT2 - W27
for spaces Wy, Wy with forms Sy, Sw,, we define their product
f17Tf2 € T(Sl H SQ, T1 H Tg)

to be the sum of compositions
®
FqleISQHTlHTg hof W, @ W, g W

of fi ® fo with “gluing” maps of the form
g: WiaeW, - W
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for a space W with (possibly degenerate) from W, where g is surjective
and sends the form Sy, & Sw, to Sy, and its restrictions to Wy & 0,
0 & Wy are injective.

Also similarly to as in Rep(GL(F,)), we define the partial trace of
a generator

f: IF;?HT —- W

along matching an element s € S and ¢t € T' to be 0 unless the images
of the corresponding coordinates match

FEP) = f(EY),
in which case the partial trace is the restriction of f

flgsureion € Tsp(S N {s}, T~ {t})

multiplied by a coefficient equal to 1 if we have not decreased the
dimension of the map’s image, i.e.

dim(]m(f|FqsuT\{s,t} )) = dzm(W),

and equal to
qt _ qdzm(W)—l
if we have decreased the dimension and

dim(Im(f|zsur<(sn)) = dim(W) — 1.

8. THE GRADED MODEL II: THE DEFINITION AND BASIC
PROPERTIES

We do not need any additional information to give 7Tg, the struc-
ture of a T-algebra. In this description, the action of g, Y7 is by
permuation of source coordinates of a generator

[T W
of Tsp(S,T).

However, for every N, we can express the permutation representation
as

CVy =w,®w,
for any choice of a € F;. The description of the algebra structure *

given in the remark at the beginning of this section allows us to see
this structure, since we may consider @, ® w, = Endc(wa), and

(End(c(wA), O) = (CVN, *).
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This suggests that we may define another T-algebra T+ of Rep(Spi(F,))
where we consider basic object to be the interpolation of the sum of
the oscillator representations

X =T, ®w

for a,b € Fy. Again, fixing ¢, we omit it from the notation and write

7'Osc = 7—Osc,t-

8.1. The definition of the T-algebra for Z,,. We define the vector
spaces of morphisms of this T-algebra as follows:

Definition 14. For finite sets S, T we define
Tose(S,T) = Homsyvy)(@a & @) *°, (@a & w,)°7")
for N >>|S|,|T| (the space being again stable as N grows).

By duality, we have
7-Osc(57 T) = HomSp(VN)<17 (wa ¥ wb)®T ® (w*a D w*b)@)s)'

There are clear candidates for the action of product and trace, arising
from tensor product and trace on Rep(Sp(Vy)) (describable explicitly,
again, using combinatorial descriptions as given above for Tg,). For
example, to describe the trace

7 Tose({1},{1}) = C

write
Tosc({1},{1}) = Endsyvy)([@a & ws) =

Homgpy)(1, (@, ® @p) ® (e @ Wp)").
We have that
(W, ®Wp) ® (W, Dwp)’ =2-CVy & (W, @W_p) ® (Wp @ W_y),

and the last two summands have no copies of 1 since by assumption
w, and w, are not dual (and have no dual summands). Therefore, we
in fact have

(56) %SC({1}7 {1}) = HomSp(VN)(1> 2- CVN) g CVvN D CVN

interpreting the copies of Vy as w, ® @, and W, ® w;. We define 7 by
taking it to be defined as

7(0) = ¢', and 7(v) =0 for v #0 € Vy

on each summand CVy in (56).
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While the action of ¥g x Y7 still can be understood simply through
the symmetric action on the tensor product in Rep(Sp;(Vy)), its con-
sistency (and independence of N) can be clarified using the x operation.

Specifically, by taking product with the unit and composing (accord-
ing to x) it is enough to define the switch

o : Tose({1,2},{1,2}) = Tose({1, 2}, {1, 2}).
Rewrite (for N > 2)
Tose({1,2},{1,2}) = Endgpvy) (W & @p)*?) =
= Endspvy) (@)% & (@)% @ (@ ® Ta) ® (Wa ® T)).

Since the switch operation is Sp(Vy)-equivariant, it is composition os
with an element

5 € Endsy(vy)(@a)®* ® @)% © @ @ Wa) © (Wo @W)).

This element is the sum of components in

(57)

(58) Endsyvy)(@5?), Endsyvy)(@g7),
and
(59) Homsyun (@ ©5,) & @, & @)

all of which are isomorphic to the Sp(Vy)-fixed points of C(Viy & V).

We define the component of s in Endgyv,)(@%?). The other compo-
nents are similar. Explicitly, Lemma 5 identifies C(Viy @ Vi) with the
vector space endomorphisms of the oscillator representation

(60) C(VN D VN) = E?’Ld@(wa X wa).
Now, as representations of
Sp(VN) C SP(VN) X Sp(VN) C Sp(VN () VN),

W, ® W, is isomorphic to the oscillator representation w, for Vi & Vy.
Viewed as an element acting on the oscillator representation @, for
Vn @ V, considering s € Sp(Vy @ V), we have that s is order 2 and
commutes with switching the two copies of Vy.
In particular, this implies that s is a scalar multiple of the switch of
coordinates
g: V@ VN = Vy® VN

0 I
-1 0/
In fact, since s is an involution, we have that

(61) s=(£1)-g.

i.e. the matrix
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To determine how ¢ acts on the level of C(Vy @ Vy), since we are
studying the oscillator representation, restricted along the diagonal em-
bedding

VNCVN@VN7

we need to consider the alternative orthogonal decomposition
VN @&V = Ay, @Ay,
where Ay, and Ay, denote the diagonal and codiagonal
Ay, ={(v,v) | v € Vy}
Ay, = {(v,—v) |veVy}

Changing bases, therefore, s is expressed as the matrix

o)

It remains to understand the composition action of —I € Sp(Vy) (using
Ay, = Vy) on W, as the element of CVy. Recalling the Schrédinger
model of @, as, for a decomposition into Lagrangians Viy = A@ A’, the
space of functions

f:A—=C
(on which (¢,¢") € A @ A’ sends f to
(6 O)MD() = a((t,2)) f(z = £).)
Therefore, it is clear that —I acts by
~I[f](z) = e(=1)" f(~2).
Finally, for 1, the character function of x € A,
Z 1, = qn [
(6,0 €V

Identifying the character function of a vector with the vector itself, and
using CVy, we see that —I € Sp(Vy) corresponds to the element

(62) 9= 6(_]%,>N > (v,-v).

vEVN
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It remains to determine the sign of (61). We claim that

(63) s=e(-1)V.g=— (v, —v).

For clarity, let us write (Vy)1, (Vy)2 for the two copies of Vy ap-
pearing in (60) corresponding to the two factors of @W,. Again, using
the Schrédinger model, for decompositions into Lagrangians (Vi ); =
A; & A, we can identify the two copies of @, with the spaces of func-
tions f : A, — C for i = 1,2. In particular, we identify @, ® @, with
the space of functions
f:A @A, — C.
On this level, the involution s : (w,)®* — (,)®? acts by sending
flz,y) = fly, x)

for (z,y) € A} & A}. To check (63), it suffices to prove that, for a pair
(z,y) € A1 & Ay, applying (63) i.e.

(64) qiN Yo U+ (=(t+1))

LeN e

to Ly : A1 ® Ay — C gives 1, ,). Now as elements of CVy, we have
1
(E+0) = a(=55(,0)) - (€)% (0).
Therefore, applying (64) to 1(,,) gives

(65) ;%-§j}jawgw—ﬂﬂwa—sw:@>nuMy4»

LeN U'eN

Now (¢') ® (—¢') is considered as an element of CVy ® CVy here, and
it acts on 1,10, by

()@ (=€) (Lsgy ) = Ga(S(C, 2+ 0) + S(—Coy = 0) - Loy o
Therefore, at each ¢ € A, the corresponding term of (65) is

1
= D ()@ (=) (a(=S(l',) - Lupey—e) =
T ren
(66)
1
a~ DS —y+0) Lorey e
ven
This sum vanishes for every choice of ¢ with x — y + ¢ # 0. Thus, the
only surviving term occurs for ¢ = y — z, for which (66) is
1

q_N ' QN ' ]lyﬁc = ]ly,m
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as required.

Hence, to summarize, on each of copy of C(Vy@®Vy) in (57) appearing
as one of the summands in (58) or (59), ¢ is defined by applying 7 % s,
where s € C(Viy @ Vi) denotes the “switch element” and is defined by
(63).

To further understand 7p,. and verify that it indeed forms a T-
algebra, we recall the behavior of the oscillator representations under
the tensor product.

8.2. More observations on oscillator representations. First, note
the following elementary

Lemma 15. For all choices of ¢,d € F, we have an isomorphism of
Sp(Vn)-representations

Proof. The claim is trivial if ¢ = 1 mod 4, since then —1 is a square
and

We

12
12

Do, Wy X Wy,

Suppose ¢ = 3 mod 4. Since —1 ¢ (IF)/(F)?, we have either that
c=de (F))/(Ff)? ore=—de (F))/(F)*

q
Again, the claim is clear if ¢ = —d € (F))/(F)?. Therefore, it remains
to show that

(67) WeRWe ZW_ . QW_e.

This fact follows from the fact that we may consider W, ® w, as the

restriction

SP(VN@VN)(w )

We ® W, = Ressp(VN)

using the diagonal inclusion
Sp(Viv) € Sp(Vv) x Sp(Viy) € Sp(Vv & V).

In this inclusion, we embed Vy C Vy & Vy diagonally, and tensor the
form Sy by the diagonal identity matrix

67)
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It is equivalent to tensor Sy by
-1 0
0 -1,

Do ®T_c = Resgr "™ (@,),

which gives

and therefore (67).
U

Using this Lemma, we observe that, in particular, W, ® w, is always
self-dual. We may therefore consider it as a degree 2 element, “inverse
to itself” under the tensor product, up to copies of CVy. In fact, the
tensor product acts on small tensor products of the oscillator repre-
sentations of Sp(Vy) as the operation of an abelian group of order 4,
depending on ¢ mod 4:

Case 1: If ¢ = 1 mod 4, then fixing a,b € F;* such that b/a ¢ (F))?,
write

A=1 B=w, C=m, D=w,® 0

Here, we can see that A, B, C, D tensor corresponding for example
to addition on elements

(0,0), (1,0), (0,1), (1,1) € Z/2 x Z/2
since w, and  are self-dual, (with an additional copy of CVy for every
two that is cancelled in this addition).
Case 2: If ¢ = 3 mod 4, then fixing an a € F, write
A=1 B=w,, C=w0,Q0W,, D=w_,.

In this case, we see that the classes act with respect to the tensor
product as a Z/4-grading in a similar way, corresponding to 0,1,2,3 €
7./4, respectively, since, by Lemma 15,

wa ®wa ®wa - (w—a ®w—a) ®wa =

W_q ® CVy.

To give a grading of this category by “flavours of the oscillator rep-
resentation,” we begin with the following result.
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Proposition 16 (following P. Deligne, [2]). Suppose n < N. For all

a € Fy, we have

(68) Homgp(VN)(wa, ((CVN)®n) =0.
For a,b € F such that —b/a ¢ (FY)?, we have

(69) Homsp(VN)(wa & Wy, (CVN)®n) = 0.

Proof. Consider for an n < N
(70) (CVN)®"=C(Vy ® -+ ® Vy).
Fix an a € F. We begin by proving (69).
First note that for W a vector space with alternating form Sy, we
may consider the subspace W of linear embeddings in Homgc(W, Vy)

preserving the forms on W and Vy. Then W has a natural transitive
action of Sp(Vy) by composition, giving it the structure of a repre-

sentation of Sp(Vy). For an inclusion ¢ € W, we may consider the
stabilizer subgroup

(Sp(Vn))" € Sp(V)
fixing ¢. By definition, we may also describe W as the induction of the
trivial representation of (Sp(Vy))* to Sp(Vy)

—~ ~ S L
(71) W = Indgh™) (1),

In fact, these premutation representations, for all W, Sy, of dimension
< n, form a decomposition of (70)

(72) (CVy)®" = P w.
(W,Sw), dim(W)<n
Therefore, to prove the claimed statement, it suffices to prove that
Homsp(vy)(@Wa, W) =0
for every choice of W, Sy of dimensions < n. Now, by (71), we have
Homgp(VN)(wa, W) = Hom(gp(VN))L(wa, 1).

Now given a W, Sy with dim(W) < N, for a choice of form-
preserving inclusion ¢ : W < V| there exists an orthogonal decom-
position

Vv =V & VY
such that the image of ¢ is contained in V5. In particular, therefore, we
have that the subgroup

Sp(Vy) € Sp(Vy) x Sp(Vy) € Sp(V)
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contains the stabilizer subgroup (Sp(Vy))*. Thus, it would suffice to
show that

Sp(V;
Homgpvy, (Ressz(vj,vg(wa) 1) =0.

This follows from the fact that the restriction

Resgpngg (W)

decomposes as a sum of copies of the oscillator representation w, for
Vi, which does not contain any trivial representations.

Now fix a,b € F) such that —b/a ¢ (F))?, i.e. such that @, and @,
are not dual to each other. Consider

Homsp(VN)(wa 0% wb, (CVN>®n) = Homgp(VN)(wa, w,b & (CVN)®n)
Again, using the decomposition (72) and (71), it suffices to prove, for
every W, Sy, of dimension dim(W) < n, for an . € W,

Homgpvy)(@a, W ® W) Homgpvy)(@Wa, W_p ® ]ndgipg/‘jvzg)) (1)) =

Sp(V] — Sp(V; _
Homqsvsy (Res gy iy (@), Resgyiily, @-).

As before, since dim(W) < N, we can decompose Vy = Vi, @ V{ so
that the image of ¢ is contained in V};, and therefore, it suffices to prove

Sp(V) Sp(V,
Homgpv, (Ressp(vj,vg( a), Res pg N;(w b)) =0,

which again follows since the restriction of the oscillator representation
of Sp(Vy) corresponding to a, resp. —b, to Sp(V}) will consist of
copies of the oscillator representation on Vy; corresponding to a, resp.
—b, which are not isomorphic (and disjoint) since by assumption,

a#—be (F)/(F)2

8.3. Grading, consistency, and semisimplicity. Therefore, the fol-
lowing definition is well-defined:

Definition 17. Say a simple object of Rep(Sp(Vi)) is in the class cor-
responding to an object A, B, C, D if it appears as a summand of that
object, tensored with the nth tensor power (CVy)®"™ of the permutation
representation for some n < N.



47

Now, tensoring A, B, C, D as objects of Sp(Vy), however, may give
additional copies of CVy upon cancellation - the number of which is
non-trivial to calculate, and will vary depending again on ¢ mod 4. We
give an initial calculation of the number of these copies of CVy for both
cases of ¢ mod 4, for the purpose of explicitly justifying that it does
not depend on N.

We have, for a finite set S,

(A BaC o D)® =

S1 11211551154 =5
Since A is always trivial, it will contribute no new factors of CVy.
Case 1: ¢ = 1 mod 4. By the self-duality of B and C', and writing
D = B®C, we see that the term A®5 @ B®%2 @ C®% @ D®% will give

[Sa| £ [Sal | [Ss] + 1S4
D]y PRl
additional tensor factors of X. A copy of B, C, or D is present precisely
when the first, second, or both terms are altered by the floor function.

Case 2: ¢ = 3 mod 4. We may re-write
A®S1 ® B®S2 ® C®S3 ® D®S4 — B®S2H2'SS ® D®S4
and B and D are dual, giving
|52 112 - S5 — !S4||J
4
additional tensor factors of X, with a copy of B, C, or D ® X present
depending on ||Sy| 112 - |S5| — |S4]| mod 4.
Therefore, we may write

(A B®C® D)% =
(A® (CVy)#™) @ (B (CVy)*)®
(C ® (CVy)®5) & (D ® (CVy)®5P).
for finite sets S4, Sg, S¢, Sp depending only on S and g¢.

min(]Sy| +2 - 55, |Sa]) + [2-

Now since the definitions of the spaces Tos.(S,T) all assume N >>
|S], |T|, applying again Proposition 16, we see that Tos.(S,T) (are well-
defined, and) do in fact form a T-algebra. Let us denote by

@q,t - (g(%sc)
the rigid, C-linear additive category it constructs. Write
Dy
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for its semisimplification.

Theorem 18. The category 9, is semisimple. In fact, D, is semisim-
ple for ¢ # £q", n € Ny.

Proof. Since 9, is defined by a sub-T-algebra of Rep(Sp:(Vy)), we
have an embedding of categories

Dyt — Rep(Spi(Viv)).

Therefore, as before, we can apply Proposition 11 to conclude that
D+ is semisimplifiable. Therefore, Z,, is a semisimple pre-Tannakian
category.

As for %, similarly as in Lemma 12, we can therefore determine
semisimplicity by the non-vansihing of

(73) det(tr(a; o a;))

where a; form the basis of endomorphism algebras of tensor powers of
the basic object. (73), in turn, are products of sizes of orbits of sym-
plectic groups Sp(2N,F;). The number (73) is therefore a polynomial
of ¢~ which divides

N

1Sp2N, F,)| = [[((¢* — 1)g* ™)

=1

for N >> 0. Substituting ¢* for ¢ gives the statement. O

8.4. Non-oligomorphy of %,,. Finally, we note that, in fact, the
category 7, defined by 7o, can not be obtained from the construction
of oligomorphic groups as described in [4].

Suppose there exists an oligomorphic group I' (with some measure
) giving 9, ;. This category, by above, is graded by a order 4 abelian
group G = Z/2xZ/2 or Z/4. We can embed I" into an infinite symmet-
ric group, whose orbits decompose as disjoint unions of finitely many
orbits of I'. Therefore, we obtain an embedding from the interpolated
category of representations of the symmetric group with basic object
of dimension ¢', into Z,;:

(74) Rep(Syt) = Dy
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In [1], Proposition 8.3 gives that tensor functors of the form (74) are
equivalent to objects A € Obj(Z,.) with the structure of an algebra,
i.e. an associative, commutative, unital multiplication morphism

AR A— A
such that the trace on A, which is defined as the composition

Tra:AMS Ao A0 A" Ao Ay o1,

satisfies that its composition with pu
Troop: A A—1

makes A its own dual in Z,,;. Such an object A can be described as a
topological quantum field theory (TQFT) depending only on connected
components, i.e. a set quantum field theory (SQFT) in Z,,. (It was
called an étale algebra in [5].)

To prove %,; cannot be constructed from an oligomorphic group, it
then suffices to prove the following

Proposition 19. There does not exist an SQFT A in 9, which has
non-trivial summands in all degrees grading Pys (i-e. in L2 X Z]2 if
q=1mod4, and in Z/4 if ¢ =3 mod 4).

Proof. By contradiction. Suppose A is an SQFT in ,; such that,
denoting the order four abelain group of gradings by G, A decomposes

into summands
A=A,

acG
all non-zero.
First recall that, as a representation of Sp(Vy), the oscillator repre-
sentation decomposes into two simple summands
W, =w, Dw,

of dimensions

Fix a # b € (FX)/(FX)2.

For each degree a € GG corresponding to the degree of a summand of
one of the oscillator representations, say

a = deg(@y),
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there exists an object Z € (Z,.)o such that A, contains
ZQuwy.
Since A is an SQFT, it is self-dual, and
ZV@wt, CA_,.

(For the case of @, , the discussion is similar.)

Now consider the switch operation
o ARA—-ARA
of (63). Consider the map
el A= (A ) (A A)Y

arising again from the self-duality of A. Consider the summand of A®*
which is a tensor mutiple of a

(75) v 0wy ® (@) ® @)
To be involved non-trivially in the image of € (and to contribute a term

in the switch operation), the signs of the factors which are dual to each
other in (75) must match.

Consider the factor
(76) U Ry
in (75) (the signs may not match). Recalling the decompositions found

in Theorem 2, we know that for each choice of signs, (76) has no higher
mutiplicity of simple summands. Similarly,

(77) o (@) 2ot ewt,

in (75) also must have no higher mutiplicity of simple summands. The
simple summands involved in Cases 1 and 2 of Theorem 2 are distinct,
we know that (76) and (77) share no simple summands. These sum-
mands may have extra factors of CVy, arising from factors of Z @ ZV.
Applying Proposition 16 again implies, by choosing large enough N,
that in (Z,)o, the summands of A® A corresponding to (76) and (77)
remain distinct. Therefore, the switch operation ¢ acts non-trivially,
which is a contradiction with the axioms of an SQFT.

O



(1]

[10]

[11]

51

REFERENCES

P. Deligne. La catégorie des représentations du groupe symétrique S;, lorsque ¢
n’est pas un entier naturel. Algebraic groups and homogeneous spaces, 209-273,
Tata Inst. Fund. Res. Stud. Math., 19, Tata Inst. Fund. Res., Mumbai, 2007.

P. Deligne: Letters to S. Kriz, 2023-2024.

P. Etingof, S. Gelaki, D. Nikshych, V. Ostrik: Tensor categories. Math. Surveys
Monogr., 205 American Mathematical Society, Providence, RI, 2015, xvi4343

pPp-

N. Harman, A. Snowden. Oligomorphic groups and tensor categories.
arXiv:2204.04526, 2022.

N. Harman, A. Snowden. Discrete pre-Tannakian  Categories.
arXiv:2304.05375.

R. Howe. Invariant Theory and Duality for Classical Groups over Finite Fields,
with Applications to their Singular Representation Theory, preprint, Yale Uni-
versity.

R. Howe. On the character of Weil’s representation, Trans. A. M. S. 177 (1973),
287-298.

N. M. Katz. Larsen’s alternative, moments, and the monodromy of Lefschetz
pencils. Contributions to automorphic forms, geometry, and number theory,
521-560. Johns Hopkins University Press, Baltimore, MD, 2004.

F. Knop. A construction of semisimple tensor categories. C. R. Math. Acad.
Sci. Paris C. 343, 2006.

F. Knop. Tensor Envelopes of Regular Categories. Adv. Math. 214, 2007.

S. Kriz. Arbitrarily High Growth in Quasi-Pre-Tannakian Categories, 2023.
Available at https://krizsophie.github.io/ ACUCategoryFinal23123.pdf

S.  Kriz. Quantum Delannoy Categories, 2023.  Available at
https:/ /krizsophie.github.io/Squared Growth23088.pdf

A. Weil. Sur certains groupes d’operateurs unitaires, Acta Math. 111 (1964),
143-211.



