HOWE DUALITY OVER FINITE FIELDS II: EXPLICIT
STABLE COMPUTATION

SOPHIE KRIZ

ABSTRACT. In this second paper of a series dedicated to type I
Howe duality for finite fields, we explicitly describe the eta and
zeta correspondences constructed in the first paper in terms of
G. Lusztig’s classification of irreducible representations of finite
groups of Lie type in the two so-called stable ranges. This iden-
tifies the stable eta and zeta correspondences among the pairs of
irreducible representations whose occurence with non-zero multi-
plicity in the type I Howe duality correspondence was proved by

S.-Y. Pan.
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1. INTRODUCTION

This is the second paper of a series dedicated to Howe duality for
finite fields. This refers to the question of an oscillator representation,
which over a finite field, forms a representation of a finite symplectic
group, decomposes when restricted to a reductive dual pair, which
consists of a two subgroups in the symplectic group which are each
other centralizers. We shall continue to specifically study the restriction
of an oscillator representation to a type I reductive dual pair, consisting
of a symplectic and orthogonal subgroup. As in the first paper of this
series [12], we shall continue to focus on the so called stable ranges.

The finite field context for the oscillator representation was intro-
duced in [8] by R. Howe. The first development towards determin-
ing the decomposition of its restriction to a reductive dual pair was
made by J. Adams and A. Moy [1], who proved that a unipotent cusp-
idal representation is always tensored with another unipotent cuspidal
representation when it first occurs in some restricted oscillator repre-
sentation. This result was used by A.-M. Aubert, J. Michel, and R.
Rouquier to form a conjecture on the behavior of the unipotent part
of the restriction of an oscillator representation to a type I dual pair
(consisting of a symplectic group and an orthogonal group), based on
a decomposition they proved for the type II dual pairs (consisting of a
pair of general linear or unitary groups).

Further progress was made by S. Gurevich and R. Howe [6, 7] in a
different direction, considering the full oscillator representation rather
than the unipotent part. In a certain stable range of dual pairs, they
constructed a one-to-one correspondence pairing the irreducible repre-
sentations of an orthogonal group with a newly occuring irreducible
representation of each symplectic group in the stable range. They
called this the eta correspondence and constructed it using a concept
of rank which plays a role in certain dynamical questions about the
representation theory of finite groups of Lie type.

Finally, in [16], S.-Y. Pan proved the type I conjecture of Aubert,
Michel, and Rouquier by passing through a process of uniform pro-
jection to linear combinations of Deligne-Lusztig virtual characters.
Later, by proving a compatibility of with Lusztig’s classification of irre-
ducible representations, Pan [17] used to classify which tensor products
of irreducible representations appear with non-zero multiplicity in the
restricted oscillator representation.

Now in [12], we constructed explicit correspondences (called the eta
and zeta correspondences, where the eta correspondence was previously
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defined by S. Gurevich and R. Howe [6, 7]) between the sets of rep-
resentations on the symplectic and orthogonal side in the two stable
ranges. In this paper, we shall describe these correspondences explic-
itly in terms of G. Lusztig’s classification of representations of finite
groups of Lie type (see, for example, [15]). This also tells us how the
eta and zeta correspondences fit into the list of tensor products of pairs
of representations occuring with non-zero multiplicity as identified by
S.-Y. Pan [17], although Pan uses a modified notation, with which the
precise dictionary will be given in the third paper of this series (where
we will also be able to discuss cases outside of the stable range).

Consider an oscillator representation w[V @ W] of a symplecitc group
Sp(V @ W) restricted to such a reductive dual pair, consisting of a
symplectic group Sp(V') and an orthogonal group O(W,B). In the
first part of this series [12], we proved the existence of a symplectic
and an orthogonal stable range, where the restriction of the oscillator
representation to the product Sp(V') x O(W, B) decomposes in terms of
(twisted) parabolic inductions and a system of injections with mutually
disjoint images

—

(1) v+ O(W, B) = Sp(V)
(where G denotes the set of isomorphism classes of irreducible complex
representations of a group G) for (Sp(V'), O(W, B)) a symplectic stable

reductive dual pair (where symplectic stability means that dim (W) <
dim(V)/2), and

(2) B Sp(V) = O(W, B)

for (Sp(V),O(W, B)) an orthogonal stable reductive dual pair (where
dim(V') is less than or equal to the dimension of the maximal isotropic
subspace of W). We omit subcripts from the notation of (1), (2) when
the source is already established.

The main result of [12] is

Theorem 1. Let V' be a 2N -dimensional symplectic space and let W
be an n-dimensional space with symmetric bilinear form B. Write hy
for the mazimal dimension of an isotropic subspace of W.

(1) If (Sp(V'), O(W, B)) is a reductive dual pair in Sp(V QW) in the
symplectic stable range, then for a system of mutually disjoint
injections iy p as in (1), the restriction of w[V @W] to Sp(V) x
O(W, B) decomposes as

) D B e ndF (o)

k=0 pe (W [<k],B[~k])
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where Ind™s denotes parabolic induction from the mazximal par-
abolic PP in O(W, B) whose Levi factor is O(W|[—k], B[—k]) x
GL,(F,), which we consider p ® e(det) a representation of by
considering e(det) as a representation of GLi(F,).

(2) If (Sp(V'), O(W, B)) is a reductive dual pair in Sp(V @W) in the
orthogonal stable range, then for a system of mutually disjoint
injections C‘I;V’B as in (2), the restriction of w[V@W| to Sp(V') x
O(W, B) decomposes as

hw
(4) P P md(peedet) @ ¢"F(p)

—

= peSp(V[—k])

where Ind™s  denotes parabolic induction from the mazximal par-
abolic PY in Sp(V') with Levi factor Sp(V[—k])x GL(F,), which
we consider p® e(det) a representation of by considering €(det)
as a representation of GL(F,).

Now to state the main result of this paper, we must briefly recall
Lusztig’s classification of irreducible representations of finite groups of
Lie type G. Most generally, we consider the data of

e The conjugacy class of a semisimple element s in the dual group
GP.

e A unipotent representation u of the dual (Zgn(s))” of the cen-
tralizer of s in GP.

We associate to the data [(s),u] a representation of G we denote by
r%[(s),u] of dimension equal to the dimension of u multiplied by the
prime to g part of the quotient order |G /Z¢p (s)|. Intuitively, 7¢[(s), u]
can be thought of as a “faked parabolic induction” of u, with the real-
ization that over a finite field, there are many cases of s (specifically,
when it only can live in a torus with a non-split factor SOJ) where
there is no actual maximal parabolic with Levi factor Zgo(s). How-
ever, r%[(s),u] will sit in the the induction from the torus character
corresponding to s to G. R

In all cases of GG, for every irreducible representation p € G, there
exists a unique choice of data [(s), u] as described above, such that p C
r%[(s),u]. On the one hand, if G has a connected center, for example,
in the case of the odd special orthogonal groups G = SOg;,+1(F,), the
representations 7¢[(s), u| are irreducible, and therefore they precisely
describe irreducible representations of GG. In this case, we call the data
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[(s),u] the Lusztig classification data corresponding to an irreducible
representation p = r|[(s), ul.

On the other hand, if G has a disconnected center, r¢[(s), u] may
split further. For example, in the case of symplectic groups G =
Spyy (F,) which have center Z/2, a representation r5P2n Fa)[(s), 4] splits
if and only if s has —1 eigenvalues. If s has —1 eigenvalues, then
rSP2n (Fa)[(5) ] splits into two irreducible non-isomorphic pieces

T-SPQN(IFQ)[(S)’ u) = TszN(Fq)[(S)’ w, +1] @ TSPQN(IFq)[(S>7 u, —1],

both of dimension equal to exactly half of the dimension of rSP2x(Fa)[(s5) ).
In this case, we call the data [(s), u, £1] the Lusztig classification data
corresponding to an irreducible representation p = 752y Fa)[(s) u, +1]
and call the sign +1 its central sign. If s has no —1 eigenvalues, then as
before, we call [(s),u] the Lusztig classification data corresponding to
the irreducible representation p = rP2~(Fa)[(s) u]. A similar but more
complicated effect occurs for even orthogonal groups G = 05, (F,),

with roitm(Fq)[(s), u] consisting of one, two, or four distinct irreducible
summands, depending on the eigenvalues of s. This effect can also be
interpreted according to certain “sign data”, and we use similar termi-
nology, calling the collection of data of (s),u and this extra sign data
(when needed) the extended Lusztig classification data associated to
an irreducible representation. We discuss this in Section 2.

Using this description, we describe injections

gb“,/V’B :O(W, B) — Sp(V)
77 Sp(V) = O(W. B)
roughly defined by altering the semisimple part of the input representa-
tion’s Lusztig classification data by adding —1 eigenvalues if W is odd
dimensional and adding 1 eigenvalues if W is even dimensional, and
by changing the unipotent part by adding a coordinate to the symbol
of the factor of u corresponding to the altered eigenvalues to achieve
the needed new rank and defect (the choice of how to add eigenvalues
and where to, if there is one, is determined by the central action of
the input irreducible representation). This construction is described in
more detail in Section 3 below.

Theorem 2. Assume the notation of Theorem 1.

(1) Suppose we have a reductive dual pair (Sp(V'), O(W, B)) in Sp(V&
W) in the symplectic stable range. Then

1% v
Nw,B = ¢W,B‘
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(2) Suppose we have a reductive dual pair (Sp(V'), O(W, B)) in Sp(V&®
W) in the orthogonal stable range. Then

W,B _ ,W,B
v =%

Remark: In the case of symplectic or orthogonal stable (V, (W, B)),
the decomposition we have now computed can be used to recover S.-Y.
Pan’s results [16, 17] classifying the pairs of irreducible representations
of symplectic and orthogonal groups whose tensor product appears
with non-zero multiplicity in the restricted oscillator representation
Resspvyxow,B)(w[V @ W]). We will in fact be explicitly calculating in
our proof of Theorem 2 that each of Pan’s predicted pairs appears with
multiplicity exactly one, and the resulting dimension sum adds up to
qdim(V)dim(W)/Q — dzm(w [V ® W])

In comparison with Pan’s description of the appearing pairs of irre-
ducible representations, our organization of the summands in terms of
systems of one-to-one functions between sets of irreducible represen-
tations of symplectic and orthogonal groups fulfills the program of a
finite field Howe duality (as originally proposed by Howe in [8, 10, 6, 7]).
We shall explicitly compare our decomposition with Pan’s result in the
upcoming paper [13], where we treat the restricted oscillator represen-
tation’s decomposition for general (V, (W, B)).

The main tool used to prove Theorems 2 is actually dimension. We
state here a key result, which, combined with some combinatorics, will
prove that the dimensions of the Sp(V')-representations ny, z(p) and

dly.5(p) (resp. the O(W, B)-representations QPP (p) and 4 (p)) al-

— —

ways match for p € O(W, B) (resp. p € Sp(V)) for N >> n (resp.
n >> N). We can derive then that they must always match, since for
a fixed p, the dimensions of ny, z(p) and ¢}y, z(p) both form polyno-

mials of ¢V (resp. the dimensions of ¢{""(p) and v} " (p) both form
polynomials of ¢"). Since the semisimple part and the sign data of
Mw.s(p) or P (p) are already determined by considering the restric-
tion of the oscillator representation to the general linear group, this
suffices to prove the representations themselves match.

We define, for p an irreducible representation of Spyy (F,), its N-rank
to be

deg,(dim(p))

oy (p) = SR,



Similarly, for p an irreducible representation of O(W, B) with dim(W') =
n, define its n-rank to be

rho(p) = 202Dy

n

Proposition 3. Assume the notation of Theorem 1.

(1) Consider N >> n. Then the disjoint union of the images of
the eta correspondences

My.s : O(W, B) < Sp(V)
for the symplectic space V' of dimension 2N and the two choices
of orthogonal space (W, B) of dimension n is precisely the set
of irreducible representations of Sp(V') of N-rank n.
(2) Consider n >> N. Then the disjoint union of the images of
the zeta correspondences

G+ OW,B) < 8p(V)
for the symplectic space V' of dimension 2N and the two choices
of orthogonal space (W, B) of dimension n is precisely the set
of irreducible representations of Sp(V') of N-rank n.

The present paper is organized as follows: In Section 2, we describe
Lusztig’s classification of irreducible representations. In Section 3, we
describe our proposed constructions of the eta and zeta correspon-
dences in more detail. In Section 4, we prove combinatorial identities
proving our claimed constructions can be plugged into the decomposi-
tions in Theorem 1 and add up to the correct dimension. In Section
5, we use an inductive argument to prove Proposition 3 and conclude
Theorem 2. In Section 6, we write down the zeta correspondence in
the example where dim(V') = 2.

Acknowledgement: The author is thankful to the GAP package
CHEVIE which was used to verify the results of this paper in cases
of small rank.

2. LuszTiG’s CLASSIFICATION OF IRREDUCIBLE REPRESENTATIONS

The purpose of this section is to give more details about Lusztig’s
classification of irreducible representations in the case of the symplectic
and orthogonal groups.
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As we described brieflly in the introduction, for a finite group of Lie
type G, its irreducible representations are classified by certain data we
refer to as G-Lusztig classification data, consisting of

e (the “semisimple data”): a conjugacy class (s) of a semisimple
element s of the dual group GP

e (the “unipotent data”): a unipotent representation u of the
dual of s’s centralizer Zgn(s).

e (possible “central data” or “extension data”): a specification of
which irreducible summand of the representation obtained from
(s) and u to take, in the case when it splits.

More specifically, for every choice of semisimple and unipotent parts (s)
and u, there is an associated G-representation we denote by r%[(s), u].
Its dimension is

. G |G|Q’

(5) dim(r®|(s), u]) Zen(5)a
where |?|, denotes the prime to ¢ part of the group order (recalling
that the a group and its dual have the same order). From the point of
view of dimension, the representation r%[(s),u] can be thought of as
a “faked parabolic induction” of the unipotent representation u where
the centralizer of s plays the role of the Levi factor (this does not
literally make sense, since there may not be such a parabolic subgroup
of G over a finite field). Every irreducible representation is a summand
of 7%[(s), u] for some choice of (s) and wu.

On the one hand, if G and its center Z(G) are connected e.g., for odd
special orthogonal groups G' = SOs,41(F,), each of these representation
r%((s), u] is ittself irreducible. Therefore, in this case, the irreducible of
G are precisely classified by compatible pairs of semisimple and unipo-
tent data [(s),u].

On the other hand, say G is connected but Z(G) is not connected
e.g., for symplectic groups G = Sp,,(F,), where Z(G) = Z/2. In
these cases, there may be choices of (s) and u for which r|[(s),u]
splits further. We then also need to specify the action of Z(G) on an
irreducible representation, to describe which piece of r%[(s), u] we are
referring to. This is the role of the central sign data in the Lusztig
classification data, and denoting it by «, we write

(6) r[(s),u, o]

for the corresponding irreducible G-representation. We write [(s), u, o]
for the G-Lusztig classification data corresponding to (6).

Finally, for our purposes, we will also need to consider cases of
disconnected G, i.e. the full orthogonal groups G = Og,11(F,) and

dim(u),
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G = 03,,(F,). Each of these G’s is an extension of its identity compo-
nent Gy (i.e. the corresponding special orthogonal group) by Z/2. We
treat this extension a separate step, classifying the irreducible repre-
sentations of G in these cases as summands of inductions of irreducible
representations of Gy. We call the extra data specifying which irre-
ducible summand of an induction to choose when such an induction
splits the extension data, and describe it explicitly in each orthogonal
group case.

The purpose of this section is to give more detail about each part
of the Lusztig classification data in each case of G we consider in this
paper. In Subsection 2.1, we discuss the maximal tori in symplectic
and orthogonal groups and the form of the semisimple elements, up to
conjugation. In Subsection 2.3, we discuss the irreducible representa-
tions of Ogp41(F,). In Subsection 2.4, we discuss the irreducible rep-
resentations of Oy, (F,). In Subsection 2.2, we discuss the irreducible
representations of Spyy (F,).

2.1. Tori and the case of rank 1. In this subsection, let us first
take G to be a finite group of Lie type of rank r of the form Sp,, (F,),
SOg,11(F,), or SOZ.(F,). The maximal tori in G are all conjugate to a
product of SO3 (F,) factors

(7) SO3 (Fyni) x «++ x SO5 (Fgni.)

of maximal rank, so that » = ny +- - - +ny, and where, in the case of G
an even special orthogonal group SO3..(FF,), the sign in the superscript
is equal to the product of the signs appearing in (7). Recall that

(8) SO; (F,) = {(g x91> |2 € P} gy

9 505 ) = ({2, 7} 102 €Fy s o = ) 2 F/E =
where in (9), ¢ € F is an element which is not a square, and the
isomorphism follows by considering F,» = F,[y/¢], whose norm 1 ele-
ments are isomorphic to p,4+1. Note that the eigenvalues of an element
<€yz ;) of (9) are precisely the conjugate norm 1 elements y + /ez.
We know every maximal torus in the group G is isomorphic to a
torus of the form (7). In fact, we recall that these isomorphisms can
be taken to be internal (i.e. by G-conjugation). In particular, every
semisimple element (s) € G is in the G-conjugacy class of an element of

(7), which is classified by the orbit of the list of its eigenvalues, which
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can lie in p, 1 = Fy or the norm 1 elements p,41 of IF;, under the
action of the Weyl group of G.

By changing the coordinates of the underlying orthogonal or sym-
plectic form correspondinng to GG, we can in fact consider the tori (7)
as embedded in G directly by taking a direct sum of matrices. We note
that in the case of G an odd special orthogonal group SOg,11(F,), to
embed a torus of the form (7) into G, we need to insert a “forced”
diagonal entry 1 to obtain a matrix of size 2r + 1. In other words,
every semisimple element of SOy, (F,) has a single extra 1 eigenvalue
in addition to the eigenvalues detected by its conjugacy class in (7),
so that the total number of 1 eigenvalues can be odd. The placement
of this entry is according to whether the product (7) is a subgroup of
SO3, (F,) or SO3, (F,).

Therefore, we can see that the data of a list of elements

t
(10) (Ao d) € [ g
=1

for \; € pgri+1 determines a semisimple element of SO, (F,) obtained
by taking a direct sum of matrices in SO;tn_ (F,) corresponding to each
i, so that in SO3, (Fyri), each is conjugate

ri—1 J

. A0
11 P .
( ) 7=0 (O )\l_q>

To make this form easier to discuss, let us introduce a notation for
these blocks: Write Ay, for the element of SO3..(F,) conjugate to (11).

This is enough information about semisimple elements for our pur-
poses in the cases of even special orthogonal groups and symplectic
groups. We note that in the case of symplectic groups, we may em-
bed each factor SO3 (Fy:) of the torus into SLg(Fyn), which , so the
conjugacy class corresponding to (10) only depends on the equivalence
class

(12) (A, N € H“q”ﬂ/“ ~A7h.

In the case of odd special orthogonal groups SOs,+1(F,), there is one
more subtlety. As we mentioned, the semisimple elements of SOg, 41 (FF,)
correspond to semisimple elements of SO3. (F,), embedded into SO (F,)
by adding a single diagonal 1 entry where it is “forced to be.” For 2r by
2r matrices which can be considered in groups (7) for more than one
choice of signs (meaning some factors are equal to the identity matrix
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I or —1I), then we must consider whether these two choices of where
to insert the final “forced” diagonal entry 1 give different conjugacy
classes, or not. The only cases of eigenvalues which can correspond
to elements of either choice of torus splitness are 1 and —1 eigenval-
ues. If only 1 eigenvalues are present, it is indistinguishable where we
add the extra 1 diagonal entry. So we find that these two choices give
different conjugacy classes if and only if the 2r by 2r element consid-
ered in (7) has any —1 eigenvalues, in which case the resulting two
choices of elements will turn out to have different centralizers and can-
not be conjugate. We also note that odd special orthogonal groups,
like symplectic groups, do have a large enough Weyl group to consider
eigenvalue data only up equivalence class as in (12).

To summarize, we may consider any semisimple element of a group
G as conjugate to a sum of blocks

(13) SNA)\l@'.'@AAtJ

with an additional 1 inserted in the case of G = SOg,41(F,), considering
the extra data of a choice of where precisely if one of the J\; is equal to
—1. Further, if we must refer to a maximal torus containing s, let us
also always choose to minimize the field extensions F, needed in (7)
to contain the eigenvalues of s, so that there are no r; < r; such that
>\i E Fng C qui .

Definition 4. For G a symplectic or (special) orthogonal group, we
say a semisimple element s is in a generic conjugacy class if it has no
+1 eigenvalues (not counting the forced 1 eigenvalue for G odd (special)
orthogonal). Otherwise, say s’s conjugacy class is singular of type (p, ¢)
if it corresponds to a sum of blocks of the from

(A)T @ (AL)® @ P A,
i=1

as in (13), for \; # £1 (again disregarding the forced 1 eigenvalue for
G odd (special) orthogonal).

To see how our description of semisimple elements works in practice,
let us discuss the examples of rank 1 groups G. The even cases of
SO5 (F,) = g1 are not large enough to show any interesting effects,
and are abelian.

Example: G = SLy(F,) and SO3(F,) For either case of G = SLy(F,)
or SO3(FF,), the only mazimal tori are isomorphic to the special orthog-
onal groups SO3 (F,) ~ fig+1.

On the one hand, in the case of G = SLy(F,), there are
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(1) two central elements

10 -1 0
Al:(o 1)”4—1:(0 —1)’

of types (1,0) and (0, 1) respectively, which can be considered in
both SOz (F,).

(2) (q—3)/2 generic semisimple conjugacy classes with representa-

tives
A0 Ao
A= (0 /\1> ~ < 0 A)
for e Ty~ {1}

(3) (q—1)/2 generic semisimple conjugacy classes with representa-
tives A, € SO; (F,) which are conjugate to

po 0N _(uh 0
0 pt 0 u
in S5 (F ), for it € pigpr ~ {1}
In total, there are q semisimple conjugacy classes in SLy(F,).
On the other hand, in G = SOs(F,), we must consider more carefully
how the blocks Ay, A, can be embedded as 3 x 3 matrices in G. For this,

let us suppose the symmetric bilinear form B defining G = SO(]Fg, B)
s of the form

1 0 0
B=10 -1 0
0 0 a

with discriminant —1 (the case of discriminant 1 is entirely similar,
with a reversed choice of where the forced 1°s are placed). For a choice
of X € FY, corresponding to a block Ay € SOz (F,), we can embed it as
the element

A0 0
A =10 A1 0
0 0 1
(due to the ambiguity in the case when \ = —1, it is meaningful in this

case to keep track of which sign is in the superscript of the choice of
SO5 (F,) we start with). To see why AY and A}, are conjugate, we
have

0 10 A 0 0 0 -1 0 AL 00
-1 0 0 0 X1t o 1 0 0)J=10 XO
0 01 0 0 1 0 0 1 0 01
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Similarly, for choices of p =1y + /ez of norm 1 in F,2, we can embed
A, € S0, (Fy) as a 3 x 3 matriz in SO3(F,) as

y 0 z
A;=(0 10
ez 0 vy

A similar argument gives that A, and A;_l are congugate in SOs(F,).
For X € T \ {£1} and pn € pgpr ~ {F1}, we obtain (¢ — 3)/2 and
(g — 1)/2 generic semisimple conjugacy classes, respectively.

Now consider the elements At, and A~,. There are two singular

conjugacy classes of type (0,1): the conjugacy classes of
-1 0 0 -1 0 O
of =0 —-10), oy: =10 1 0|,
0 0 1 0 0 —1

which have centralizers SOy (F,), SO, (F,) in SO5(F,), respectively (since
here the centralizer is the special orthogonal group on the two coordi-
nates corresponding to the two —1 entries in o). We therefore find
that there are a total of ¢+ 1 semisimple conjugacy classes in SOs(F,).

In SOy, 1(F,), elements o which play a role generalizing o7~ exist
and play a very important role in considering oscillator representations.
We define them now:

Definition 5. Let us consider an odd special orthogonal group SOs,41(Fy).
Consider the maximal tori obtained by emebedding

_(SOJ(F))) € SO3,(F,)
(505 (Fy))"™" x SO, (Fy) € 50,,(Fy)
into SOqr11(F,). Consider the element consisting of a sum of r copies
of A_y lying in either choice of torus in SO;.(F,). We write
of = (AZ)", o, = (AZ])"
for the (2r + 1) x (2r + 1) matrices in SOy41(F,) obtained by adding
the 1 forced by considering the sum of A_1’s as an element of the split

and non-split special orthogonal group, respectively (as in the above

example, the only role of the superscript £ is to record the sign of
SO5.(F,) we consider A%} in).

We find that the centralizers of these semisimple elements are
ZSOer(Fq) (Uit) = SO;ZT(IFq)

In particular o;F and o, cannot be conjugate in SOs, 1 (F,).
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2.2. The representation theory of the symplectic group. We
now describe the Lusztig classification data for the irreducible rep-
resentations of Sp,y(F,). The choices of semisimple data consist of
semisimple conjugacy classes in the dual group

(Span (Fy))” = SOan 41 (F,).

Fix a semisimple conjugacy class (s) € SOan41(F,) and say it is con-
jugate to a sum of blocks

(14) 5~ A@p @ A@é @A@h @ @A@k

for distinct choices of eigenvalues
N €FX, N {£l} fori=1,...,r
q 1

(15) .
Pi € fh ) N {1} fori=1,....t

and where a denotes the sign for which we consider A% € SO$,(F,).
There is no condition on this sign. The size of the matrix requires N

T t
(16) pHL+Y jimi+ Y knf.
i=1 =1

Note that s is then of type (p, ) and generic when p = ¢ = 0. Then
the centralizer of s in SOQNH(]FQ) is isomorphic to the product

(17) H U (F ) % HU ) x SOZ(F,) x SOqp41(F,).

(We use the notation that U+( ) = GL;(F,).)

Given such semisimple data (s) € SOQN+1( ¢); We next pick unipo-
tent data, i.e. a unipotent irreducible representation u of the dual
group of s’s centralizer (17) (taking the dual replaces hthe odd special
orthogonal group factor by the corresponding symplectic group of the
same rank and leaves all other factors the same). Then u consists of a
tensor product

r t
= =1

where Uy uU];_, Ugoz and usp, are unipotent irreducible representa-
- - +
tions of U} (]Fqné)’ Uy, (]Fqni’)7 SO3(F,), and Spy,(F,).

The irreducible unipotent representations of these factors can be

further described using the theory of symbols [14]. We do not discuss
the case of the unipotent representations of a finite group of lie type A
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or 2A here. For now, we consider the symbols of type B, C, and D of
rank 7.

Definition 6. Consider the data of an equivalence classes of two rows
of strictly increasing sequences

(19) (A1-< Ay <oon < Aa>

P < o < - <
under switching rows, for A\;, u; € Ng non-negative integers such that
(A1, pa) # (0,0).
(1) The data (19) is called a symbol of rank r of type C or B if

a b
+b—1)2
(20) ZAZ@FZ’M":T—F%’
=1 =1

and the defect a — b is odd.
(2) The data (19) is called a symbol of rank r of type D (resp. of

type D) if

a b
(21) Z)‘i+ZM¢=T+(a+b)(a+b_2)

° ; 4
=1 i=1

and the defect a — b is 0 mod 4 (resp. 2 mod 4). We call a
symbol of type D degenerate if the two rows match, i.e. a = b
and N\; = ;.

The symbols of type B or C' of rank r classify the irreducible unipo-
tent representations of the group SOaq,.41(F,) or Sp,,.(F,) (since these
groups have the same Weyl group, their irreducible unipotent repre-
sentations have the same classification). The symbols of type D, resp.
2D, of rank r classify the irreducible unipotent representations of the
group SO; (F,), resp. SO, (F,).

The dimension of the unipotent representation of G corresponding
to a non-degenerate symbol (19) is the factor

T @- I[ @-e9- [ @+
1<i<j<a 1<i<j<b u
b

IAIA

7‘.
J

TR | ) | (R

ININ

(22)
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multiplied by |G|, /2Tt =D/2] where, for the final power of ¢ in the
denominator of (22), we write

st)f2 o
cla,b] = Z 5 :

i=1

Each degenerate symbol of SO3, (F,) corresponds to a pair of distinct
non-isomorphic irreducible unipotent representations of SO3, (F,), of
dimension equal to (22) multiplied by [SO;3,.(F,)|, /2% (i.e. by an
additional half compared to the factor for non-degenerate symbols).

For choices of semisimple and unipotent data s and u, we can form
Spyy (F,)-representations 75P2v Fa)[(s), u] of dimension equal to the di-
mension of v multiplied by the factor

(23) |SP2N(Fq)|q’ .
I TLi=: U]t<Fq"§) X HE:I Uk: (Fqn;') X Soi(Fq) X Sp2p<Fq)|q’

These representations may be irreducible, or may split into two non-
isomorphic irreducible representations

SPan (Fg) [(s),u] = TSPQN(Fq)[(S)7 u,+1] @ TSPzJ\r(IFq)[(S)7 u, —1]

of dimensions dim(r3P2y F[(s), u, +1]) = dim(r3P2vF[(s), u]) /2.
This halving occurs if and only if s has —1 as an eigenvalue (i.e.
¢ # 0) and Ugoz, corresponds to a non-degenerate symbol, in which

case we write a central sign o = 41 to indicate which half we are
want in the Lusztig classification data, according to the action of
Z(Spyn(Fy)) = Z/2. In the case where s has —1 as an eigenvalue
(i.e. £ #0) and Ugoz, corresponds to a degenerate symbol, only a sin-

gle irreducible representation 75P2v(Fa)[(s) u] of Spyy(F,) is produced
(i.e the same irreducible Sp,y(IF,)-representation is produced by us-
ing the other irreducible unipotent of SO;} corresponding to the same
symbol, “merging” the two degenerate pieces). Then rSP2vFa)[(s) 4] is
of dimension equal to 2 times dim(u) times (23). In all other cases,
rSP2n (Fa)[(5) ] is irreducible.

Example: The oscillator representations
(24) W =w Dw,, wp=uw Dw,

of Spyn(F,) can be recovered using this classification. Take ox €
SOan11(F,) as the semisimple data. The centralizer of o3 in SOqy 41 (F,)
1s

(25) Za]iv (SO2n 41 (Fq)) = SO;N(E])’
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which is self dual. The factor (23) is then

SoonEly _ NG =D vy,
|SOQiN(Fq)’q’ (M F1) Hij\gl(qzi —1)
In both cases, take u to be the trivial representation 1.

The representations 523 Fa)[(g3), 1] obtained from (o) and u = 1
are then of dimension equal to (26). They then decompose into equi-
dimensional halves, with

,rszN(IFq)[(0_]—{—[)7 1] _ w;— D w;—’ rspzN(Fq)[(U;{), 1] = wa_ D wb_

(26)

recovering the pieces of the oscillator representations (24). In our no-
tation, we have
wy =P E (), 1, e(a)],
where € denotes the quadratic character
(27) e:Fr— {£1}.

2.3. The representation theory of the odd orthogonal groups.
Next, we describe the Lusztig classification data for the irreducible
representations of the odd orthogonal groups Ogy,+1(F,). In this case,
we can split the center off

02m+1(Fq) = Z/2 X SOQm+1(Fq),

and therefore each irreducible representation can be considered as the
tensor product of a sign with its irreducible restriction to the spe-
cial orthogonal group SOgp,41(F,). Now since SOgy,41(F,) has no cen-
ter, the irreducible representations are precisely the representations
rSO2m+1(Fa)[(5) ], corresponding to choices of SOy, 11 (F,)-Lusztig clas-
sification data consisting of a conjugacy class (s) of a semisimple ele-
ment
5 € Spoy,(Fy) = (SO2m11(Fy))”,

(recall that the symplectic groups and odd special orthogonal groups
are dual) and u an irreducible unipotent representation of the dual
of the centralizer of s in Sp,,,(F,). We call the sign defining the ac-
tion of the center Z/2 = Z(Ogpm+1(F,)) the Ogpi1(Fy)-extension data
corresponding to a certain irreducible rerpesentation and write

(28) 7,O2m+1(]F11) [(S), u]il = (:l:l) ® TSO2m+1(Fq) [(5)7 U’] .

It suffices to describe the Lusztig classification data [(s), u| describing
the irreducible SOy, (F,)-representations.

The choices of semisimple data for SOs,,+1(FF,) consist of semisimple
conjugacy classes in the dual group

(SO2m+1(Fy))” = Spy,, (Fy).
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Fix such an (s) € Sp,,,(F,) and, similarly as in the previous subsection,
say it is conjugate to a sum of blocks

r t
(29) s~ AP @ A% o P AT e D AZH
=1 =1

for distinct eigenvalues \;, 1; as in (15). Again the matrix size gives an
expression of m as the sum of products of field extension degrees and
multiplicities (16). The centralizer of s in Sp,,,(F,) is

t

(30)  TLUS(F ) % [T U ) x Spae(F,) x Spyy(E,)
i=1

i=1

Given such semisimple data (s) € Sp,,,(F,), the next component of
SOgp+1(F,)-Lusztig classification data consists of an irreducible unipo-
tent representation u of the dual of s’s centralizer (30) (taking the dual
replaces each symplectic group by the corresponding odd special or-
thogonal group of the same rank and leaves all other factors the same).
Then u may be expressed as a tensor product of unipotent representa-
tions of each factor of (30)

T t
—1 +1
(31) ® uU;; ® ® uUk_i ® USOMH ® uSO2p+1’
=1 =1

: -1 +1
where as the notation suggests, Ut s Uy s USOypyys and Ugo,, ., are
unipotent irreducible representations of U;" (Fqné ), Ug, (Fqné’)7 SO941(F,),
and SOs,41(F,), respectively (the superscript for the C-type factors in-

dicates the sign of the eigenvalue +1 of the blocks in s which the factor
corresponds to). Both ugéuﬂ and u§é2p+1 correspond to symbols of
type B of rank ¢ and p respectively, as defined in Definition 6, part (1).

The irreducible SOqg,,,1(F,) representation rS02m+1F)[(s) 4] corre-
sponding to such a choice of (), u has dimension equal to the dimension
of u multiplied by the prime to ¢ part of the quotient of orders

1SO2m11(Fg) o .
|H§:1 U;(Fqn;) X HZ:1 Ul;- (]Fqn;’) X SO%H (]Fq) X SO2p+1(Fq>|q’

(32)

According to (28), for both choices of extension sign data +1,
dim(rO+1E)[(s) u]F) = dim (1321 ED[ (), u)).

Call the collection of data [(s), u] together with an extension sign +1
Oom+1(Fy)-extended Lusztig classification data.
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2.4. The representation theory of the even orthogonal groups.
Finally, we consider the special orthogonal group on a 2m-dimensional
[F,-vector space W with respect to a symmetric bilinear form B. Write

O(W7B) = 05, (]FQ)>

2m

with sign a« = + if B is totally split (i.e. there is an m-dimensional
isotropic subspace of W), and with sign o = — otherwise. We call this
sign « the total sign of the symmetric bilinear form B.

To classify an irreducible representation p € O3, (F,), we look at the
of the pair of semisimple and unipotent parts (s) and u of SO, (F,)-
Lusztig data such that p is a summand of the corresponding SO%, (F,)-
representation’s induction to O3, (F,)

(33) pC Indg?iﬂ(@g;)(rso%m(wq)[(5)7 ul).

The induction on the right hand side of (33) may decompose into 1,
2, or 4 irreducible representations, which we enumerate according to
o (F)-extension data. We note that unlike in the odd orthogonal
choice there is not an obvious natural choice of how to do this.
Therefore the O%,,(FF,)-Lusztig classification data can be thought of
as to consist of semisimple part the conjugacy class of s as an element
of 05,,(F,), unipotent part u, and this central sign data. (Note that
the unipotent representations of a group are the same after removing
the center, and for simplicity to compare with the odd case, we may
consider unipotent parts of Lusztig classification data as irreducible

unipotent representations of SOg, (F,).)

Let us begin by describing the special orthogonal group’s Lusztig
classification data. The group SO%, (FF,) is its own dual, so the semisim-
ple component of its Lusztig classification data only consists of a semisim-
ple conjugacy class (s) € SO3,,(F,). Say (s) is conjugate to a sum of
blocks

r t
1) A7 A% 0 ) AP o ) Azt
i=1 i=1

for eigenvalues as in (15), ranks such that m equals (16) and (—1)" = «.

Then the centralizer of s is
r t
35)  [TUS(F ) > [TUG(F ) x SO5(F,) x SO3,(F,)
i=1 i=1

(where, again, the total product of signs appearing in (35) is the total
sign of B).
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Given such semisimple data (s) € SO3,, (F,), the unipotent part of
the SO3,, (F,)-Lusztig classification data consists of a unipotent irre-
ducible representation u of s’s centralizer (35), which can be factored
as

(36) ®uU+ ® ®uU ® usoga ® usoi ,

with the same notational convention as in the case of the odd special
orthogonal groups.

Again, the SO3,,(F,)-representation rSOz, m(Fa)[(s),u] corresponding
to such a choice of (s),wu is of dimension dim(u) multiplied by

1505, (Fg)lg /1 Zsos,, ) ($)]g =
(37) [S05,,,(F o)y
[T U (F o) X TTizy U (F ) x SO,(Fy) x SO, (Fy)l-
utl
soi’ so;;
of type D or 2D of ranks ¢ and p.
It remains to describe the decomposition of the induction

SO a
(38) Indgg s (SO Eo)|(5), u])

The unipotent representations u_ correspond to the symbols

First, we notice that as long as (s) has some eigenvalues not equal to
+1, there are choices of semisimple data (s') for SO, (F,) such that s
and s’ are not conjugate in the special orthogonal group, but they are
conjugate in O3, (F,) (precisely since replacing Ay by Ay-1). For such
cases, we find

~ SO3., (Fq .
2" (103 ED (), u]) 2 I ") (OB ED (), ).

We also see another effect. Inducing an irreducible unipotent rep-
resentation splits into two non-isomorphic equidimensional irreducible
unipotent representations

Idi27n (()\1<'<)\a>):
m@Ta) S\ g <o <
(/\1 < e <>\a)+69 <>\1 < e <Aa)_
<o < p <o <
We note that, in the split case, for both irreducible SOF, . (F,)-summands

of the unipotent representation corresponding to the degenerate sym-

bol (iiiiz), their inductions to an O3,,(F,) are irreducible and iso-

morphic. Ultimately, we find that (38) splits into 249)*%®) irreducible
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equidimensional OF,, (F,)-representations, where we put

1, if 1 is an eigenvalue of s
a(s) =
0, else

1, if — 1 is an eigenvalue of s
b(s) =
0, else.

To summarize, we may enumerate the irreducible representations of
03.,,(F,) according to the 0%, (F,)-estended Lusztig classification data
consisting of

(1) The semisimple data of the conjugacy class of a semisimple
element s € SO3,, (F,), under conjugacy by elements in the full
orthogonal group Oy, (F,).

(2) The unipotent data of a unipotent representation of the dual of
s’s centralizer (ZSOQim (]Fq)(s))D , consisting of a tensor product of
symbols, allowing the possible degenerate symbols (which we
do not decompose in order to avoid over-counting).

(3) The extension sign data ~y, consisiting of a(s)-+b(s) independent
choices of sign. If s has both +1 and —1 eigenvalues, we write
v = (£1,+1), listing the sign associated to the presence of 1
cigenvalues first. When only one of a(s) and b(s) is non-zero,
we write 7 as the single choice of sign itself. When both a(s)
and b(s) are 0.

We denote the corresponding irreducible Of, (F,)-representation by
rO%m(Fa)[(5) w7

3. THE CLAIMED CONSTRUCTION

The purpose of this section is to describe in more detail the claimed
construction that we are proposing gives the eta and zeta correspon-
dences. This will identify the “top” partner of an input representation
appearing in the Howe correspondence of S.-Y. Pan [16, 17] (we discuss
this in [13] in more detail). We define the proposed constructions

—

¢t‘//V,B :O(W,B) — Sp(V)

in the symplectic stable range, and

v Sp(V) < O(W, B)
in the orthogonal stable range.
We recall now that the unipotent irreducible representations of a
group G are the same as the unipotent irreducible representations of
its dual GP. For an irreducible unipotent representation u of G, we
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denote by u the corresponding irreducible unipotent representation of
GP.

In Subsection 3.1, we treat the case of (Sp(V'), O(W, B)) in the sym-
plectic symplectic stable range where the dimension of W is odd. In
Subsection 3.2, we treat the case of the symplectic stable range where
the dimension of W is even. In Subsection 3.3, we treat the case of
a reductive dual pair (Sp(V'), O(W, B)) in the orthogonal stable range
where the dimension of W is odd. In Subsection 3.4, we treat the case
of the orthogonal stable range where the dimension of W is even.

3.1. The odd symplectic stable case. Consider a choice of type I
reductive dual pair (Sp(V'), O(W, B)) in the symplectic stable range for
odd-dimensional W. Write dim (V) = 2N, dim(W) = 2m + 1. The
range condition requires that N > 2m + 1.

In this case, the center splits off of the orthogonal group, and we
may consider O(W,B) = Z/2 x SOgy,4+1(F;). Our goal is to define
a construction whose input is an irreducible representation of m =
rO2m+1E)[(s) ] of O(W, B) for Ogyny1(F,)-extended Lusztig classifi-
cation data consisting of a semisimple conjugacy class

(s) € (SO2m11(Fy))” = Spy,, (Fy),

an irreducible unipotent representation u of (Zsp, (r,)(s))”, and a sign
+1, and whose output is a unique irreducible representation ¢¥V, ()
of Sp(V) = Spyn(F,). In other words, we must produce from (s), u
and the sign £1, a choice of new Sp,y (F,)-Lusztig classification data:

(39) [(¢*(s)), ™ (u), disc(B) - (s)]

(consisting of semisimple (¢%(s)) € (Spay (F,))P = SOan41(F,) and an
irreducible unipotent representation ¢=(u) of its centralizer). Broadly,
we construct ¢*(s) by adding —1 eigenvalues to s, and we alter the
symbol in the affected factor of the unipotent part by adding a single
coordinate to one of the rows (to get the needed new rank and defect).

We begin with describing the semisimple part (¢*(s)). Considering
s as an element of a maximal torus of the form (7), and it is determined
by the data of the orbit of its eigenvalues. Recalling Definition 5, we
then define ¢*(s) to be the semisimple element

k
¢ (s) == s @ oy_,, € [[ 505 (Fgni) x SOo(n—my+1(Fy)
i=1

C SOan41(Fg) = (Span (Fy))”.
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On the level of eigenvalues, ¢*(s) are obtained precisely by adding
2(N —m) eigenvalues —1 and a single 1 eigenvalue to s’s original eigen-
values, in a position where projecting away from the coordinate of the
1 eigenvalue gives a subspace of W where B is completely split if the
sign is + and non-split if the sign if —. Suppose s is of type (p, (), i.e.
s has eigenvalue —1 of multiplicity 2¢, and 1 of multiplicity 2p, and
its centralizer is of the form (30). For simplicity, let us separate the
factors corresponding to the eigenvalues of s not equal to —1

r t

H = [TUE ) x [T UG (F ) x S, (),

i=1 i=1

so that

(40) ZSpgm(JFq)(S) = H x Spy(F,).

Then we find that the centralizer of our new elements ¢*(s) in SOan41(F,)
is precisely

ZSOQNJrl(FQ)((bi(S)) = H" x Sog:(meJrZ) (FQ)

Now let us describe the unipotent part ¢*(u) of (39). Let us factor
w as in (31), and let us consider ths symbol

-1 (A< <A
USOgp41 =
p1 < < o

and write ug for the unipotent H-representation consisting of a product
r t -1 +1
of the other factors );_, Ut ® ., Uy, ® Ug0,,,, @ UL0,,,,» SO that

we can write u = uy ® (;\Llliizz) The defect a — b of the symbol is
odd, so we may switch rows to assume without loss of generality that
a — b is 1 mod 4. We define a certain natural number associated to
m = 7O () ]

a+b—1

2

(note that by the symplectic stable range condition, we automatically
have N.. > N —m > m+ 1). Then we may concatenate N/ onto the

end of either row of the symbol (;\Llliizz), obtaining new symbols

¢+<(>\1<---<)\a>)( A << A )
py <o < pn <o <y < NL)
describing a unipotent representation of SO;( N—m-+0) (F,) and

¢_(<)\1<~~<>\a>):(/\1<--~<)\a<N,’T>’

< < < <

N =N -—-m+
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describing a unipotent representation of SOQ_( Nem+0) (F,). We then put

o () = azmi((Al S A‘l)%

< < Hp

giving a unipotent representation of the group H” x SOzi( N—mt) (F,) =
ZSOQNJrl(Fq)(gbi(S))‘

Finally, we need a central sign to complete the Lusztig classifica-
tion data (39) since by definition ¢*(s) has —1 eigenvalues. Consider
again s as an element of the torus (7). Further, consider each factor
SO3 (Fyri) = pigri+1- Then define €(s) to be the product of applying the
quadratic character on each Z/(¢" F 1) to each coordinate, giving a
total sign. Multiplying with the discriminant disc(B) gives the central
sign of (39).

Definition 7. Given the above notation we define ¢y, g() to be the ir-
reducible Sp(V')-representation with the new Lusztig classification data
we constructed:

O1wi(rOM P (s), u ) = r V(6% (s)), 67 (u), disc(B) - €(s)].

3.2. The even symplectic stable case. Now suppose the reductive
dual pair (Sp(V'),O(W, B)) is in the symplectic stable case and W is
even dimensional. Write dim(V') = 2N and dim(W) = 2m. Write «
for the sign so that O(W, B) = 0%,,(F,). In both cases, the orthogonal
stable range condition requires that N > 2m.

Fix an input irreducible O, (F,)-representation 7 = r2nEd|[(s), ],
for (s) the OF,,, (F,)-conjugacy class of a semisimple element s € SO3, (F,),
a compatible unipotent representation u of the dual of s’s centralizer
(Zsog . (r,)(s))7, and possible central sign data -y consisting of a(s)+b(s)
signs. Write v = («, ), writing « for the sign corresponding to if s has
1 eigenvalues and [ for the sign corresponding to if s has —1 eigenval-
ues. Broadly, we obtain new Sp,y (F,)-Lusztig classification data

[(¢(s)), ¢ (w), ]

by adding 1 eigenvalues to s, then altering the affect factor of the
unipotent part by adding a single coordinate to one row of the symbol
(according to « if it occurs which is precisely when there is a choice),
and keeping the original —1 part S of the sign data if it occurs.

Consider, again, s as an element of a torus (7). One may take a
direct sum with the identity matrix Ip(x_m)4+1 to obtain a semisimple
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element

k
¢(S) =sD IQ(me)Jrl S H SO?(Fqnz) X SOQ(N,m)Jrl(]Fq)
=1

C SOan+1(Fy) = (Spon(Fy))".

(Note that each different class (s) considered as a conjugacy class in
O(W, B) corresponds to a different ¢(s), whereas if we only considered
(s) as a conjugacy class in SO(W, B), in cases with eigenvalues not
equal to £1, there would be another SO(W, B)-conjugacy class (s')
with (¢(s)) = (¢(s)) in SOzn11(Fy).)

Suppose s is of type (p, £), i.e. shas 1 as an eigenvalue of multiplicity
2p and —1 as an eigenvalue of multiplicity 2¢, and suppose its central-
izer is of the form (35). We separate out the factors corresponding to
eigenvalues not equal to 1 by writing

r t
H=T[0} ) < T] U (F ) x SO5(F,)
=1 i=1

so that we have
#,)(5) = H x SO5,(F,),
and then

Z3021(5) (0(5)) = H” X SOa(v—mp)+1(Fy)

(note that in this case H = HP). Factoring u as in (36), let us consider
the symbol of the factor corresponding to the 1 eigenvalue

+1 - Al < c e < Aa
Ug s =
503, Py < e <y
(considering the trivial representation in the case of p = 0 as (8)) and

write uf” for the representation of H = HP consisting of the other
factors @_, Uy @ X, Uy, ® ugéi Suppose first that (2112222) is
non-degenerate. In the case where the 1 eigenvalues correspond to a
non-split factor SO,,(F,) of s’s centralizer, then switch rows so that
a—b+11is 1 mod 4. In the case where the 1 eigenvalues correspond
to a split factor SO;,(Fy) of s’s centralizer, then switch rows so that
either a > b or, if a = b, for the maximal 7 such that \; # p;, we have

A > ;. Write

N = N—mq 20

(/\1<---<)\a<N;> ( A <o < A, )
p <<y )’ pa <o <y < N

Then
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define unipotent (SOx(n—m+p)+1(Fq))” = SPogy_myp)(Fq). Therefore,

_ _ A <o <Ay < NL
’ (U)_UHD®< py < e <y )

. A< <A
F(0)) — a
9" (u) UHD®<M1<”'<Hb<N7Ir)

respectively define irreducible unipotent representations of the dual
Zroup (Zso,y 1 (5, (#(5)))” = H X Spon_pmspy(Fy). We use ¢*(u) for
the new unipotent data, again writing « for the component of the
O3, (F,)-extension sign data corresponding to the 1 eigenvalues of s.

A< <A . .
Now suppose ut, = (™ “) is degenerate (counting the case of
pp sozp ()\1<---<>\u) g ( )

(8) for p = 0). These are precisely the cases where there is no sign

corresponding to 1 eigenvalues in the O3, (F,)-extension sign data. In
this case, we put

¢(U)=&E®(

Finally, to define an output irreducible Sp, , (F,)-representation, we
need to also choose output central sign data precisely when ¢(s) has —1
eigenvalues. By definition, ¢(s) has the same number of —1 eigenvalues
as s. Therefore, in this case, the original s has —1 eigenvalues also, so
the O(W, B)-Lusztig classification data supplies us with the data of one
more central sign 5, which we use as the output central sign data.

Al <o <A < N!
A< o< A

Definition 8. Given the above notation, we define ¢y, g(m) to be the ir-
reducible Sp(V')-representation with the new Lusztig classification data
we constructed

(41) O (rOM P (s), u)") = r(e(s)), ¢* (w), 5]

writing v = («, B) for the extension sign data (listing the sign associated
to 1 eigenvalues before the —1 eigenvalues, and omitting either sign if
the corresponding eigenvalue is not present for s).

3.3. The odd orthogonal stable case. Suppose (Sp(V),O(W, B))
is in the orthogonal stable case and W is odd dimensional. Write
dim(V) = 2N an dim(W) = 2m + 1. In this case, the range condition
gives that m > 2N.

Consider an irreducible representation p = rSPavFa[(s) u, £1] of
Sp(V') = Spayn (F,) corresponding to the Lusztig classification data con-
sisting of a semisimple conjugacy class (s) € (Spyy (Fy))” = SOan+1(F,),
a unipotent representation u of Zso,,,,,)(s), and central sign data
+1 (which we omit if —1 is not an eigenvalue of s). Now our goal
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is to specify an irreducible representation w‘va ’B(p) of Ogpi1(Fy), by
describing Ogy,41(F,)-extended Lusztig classification data consisting of
a semisimple conjugacy class (¢(s)) € (SOzmi1(F,))P = Sps,,(F,), a
unipotent irreducible representation ¢*(u) of (Zsp, ®,)(¥(s)))? (with
the superscript + specified by the central sign data of the input Lusztig
classification data and omitting if no such data is given), and taking
Ogmt1(F,)-extension data corresponding to the sign

(e(s) - disc(B)).

Broadly, in this case, we construct ¢ (s) by adding —1 eigenvalues to s
and adding a single new coordinate to the symbol corresponding to the
affected factor of the unipotent part (to achieve the new needed rank
and defect), according the central sign data of p if it occurs.

To be more specific, recall again that we can consider s as an element
of a torus of the form (7), by removing the single “forced” eigenvalue 1
from s. Write s for the 2N by 2N matrix obtained in this way. Taking
a direct sum with —/I5(,— N,

U(s) == 5 & (—=I)am-n)
specifies a semisimple element of Sp,,,(F,), which has —1 as an eigen-
value of multiplicity 2(m — N + /).

Say that s has —1 as an eigenvalue of multiplicity 2¢ with centralizer
of the form (17). Again, let us separate the factors corresponding to
eigenvalues not equal to —1 and write

T t
H= 11 U (F ) 11 Uy, (F ) X SOz (F,)
so that
ZSO2N+1(Fq)(S> =H x Soi(FQ)
and
Zszm(qu)(w(S)) = H” x Sp2(mfN+€) (Fy).

For the unipotent part of the Lusztig classification data of p, write its

factorization as in (18). Specially consider the symbol corresponding

to the factor
. AL <o < A

and write uf” for the unipotent HP-representation corresponding to
the rest of the factors Q);_, Uyt 2, Uy, ® usp, . Again, first sup-

A <-<Ag
p1 <o <pp
eigenvalues correspond to a non-split factor SO,,(F,) of s’s centralizer,

pose the symbol ( ) is non-degenerate. In the case where the 1
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then switch rows so that a — b+ 1 is 1 mod 4. In the case where the
1 eigenvalues correspond to a split factor SO, (F,) of s’s centralizer,
then switch rows so that either a > b or, if a = b, for the maximal i
such that \; # u;, we have \; > p;. Let us write

;L a+b
mp—m—N+ 5

By the orthogonal stable range condition, we must have A, < mj, and
py < mj,. Concatenating m;, to the end of one of the rows, we obtain
symbols

(12) <)\1<---<)\a<m;),( A <o < A )
pn < < iy py < - <y <,

which have odd defect and rank precisely equal to m — N +/, and there-
fore specify irreducible unipotent representations of SOg(m—n40)+1(Fq) =

(SPagm_n+0)(Fg))”. Put

_ _ )\1<---<)\a<m;
(G (U)—UHD@)( Uy << )

v =ame (, VTN ).

“ .. /
py < - <y <,

A< <A
A< <A
case of the trivial representation (g) for ¢ = 0). This is precisely the
case where no central sign data is provided in p’s original Sp(V')-Lusztig
classification data. In this case put

o AL < <A <,
w(m_uHD@( M <o <\, )

Suppose now that Ugot, = ( ) is degenerate (including the

Definition 9. Suppose we are given the above notation. We put
43) W EO[(s), u)) = rOMWB(4h(s)), 1b(w)]) Hise(B)

or

(44) ¢‘1;V,B(T5p(V) [(s),u, £1]) = TO(W’B)[(QMS)), ¢i(u)]5(s)'dis‘3(3)_

3.4. The even orthogonal stable case. Suppose (Sp(V'), O(W, B))
is in the orthogonal stable range and W is of even dimension 2m, Write
dim(V) = 2N and fix the sign + so that O(W, B) = O3,,(F,). Then
the range condition gives m > 2N in the split case O(W, B) = OF, .(F,)
and m — 1 > 2N in the non-split case O(W, B) = O,,,(F,).

Again, our goal is to produce a construction with input an irre-
ducible representation p = r5P2nF[(s) u, +1] of Sp(V) = Spyy(F,)
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corresponding to the Lusztig classification data consisting of a semisim-
ple conjugacy class s € (Spyy(F,))” = SOan41(F,), a unipotent repre-
sentation u of Zgo,,,(r,)(5), and central sign data £1 (which we omit
if —1 is not an eigenvalue of s). We want to produce an irreducible
O%,(F,)-representation 41" (p) which is defined by extended Lusztig
classification data consisting of a semisimple O3, (F,)-conjugacy class
(1(s)) € SO3,,,(F,), a unipotent representation ¢ (u) of the centralizer
of ¥(s) in SO3,,(FF,), and extension sign data depending on whether
1(s) has £1 eigenvalues. Broadly, we will construct the new semisim-
ple and unipotent parts of the Ofm (IF,)-Lusztig classification data

(¥(s)), ¢ (u)

by adding 1 eigenvalues to s and altering the symbol of the affect factor
of the unipotent part by adding a single new coordinate to one of the
rows to achieve the new needed rank and defect.

To be more specific, as in the odd stable orthogonal case, we may
remove a single “forced” 1 eigenvalue from s to view it as a 2N by 2N
element s of a maximal torus (7). Then consider the direct sum with
the unique appropriate choice of 2(m — N) by 2(m — N) identity matrix

¢(3) =5® [2(mfN)7

configured to give a 2m by 2m matrix that can be considered as an
element of SO(W, B) C O(W, B). As in Subsection 3.2, each distinct
SOan 11 (IF,)-conjugacy class (s) gives a distinct O, (IF,)-conjugacy class
¥(s). Writing the centralizer of s as (17), we again separate out the
factors corresponding to the eigenvalues not equal to 1, writing

T t

H =T[5 F ) x [T UG (F ) x SO%(F,)

i=1 i=1
so that

ZSO2N+1(F<1)(S) = H x SO?Z)+1 (Fq)
and

B
Zsoz, w) ((8) = H” x SOy ) (Fo),

for a single determined choice of sign 3 (so that its product with the
other signs appearing in H agrees with ). Note that H = HP in this
case.

To construct the unipotent part of the O3, (F,)-Lusztig classification
data v (u), specially consider the symbol

>\1<"‘<)\a
USOgp 11 = py < - < iy
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and write uf” for the product of the remaining factors @;_, uy+ ®
J4

®f | Uy @ Ugod - Switch the symbol rows so that the defect a — b is

1 mod 4 (Whlch is possible since this symbol has odd defect). Let us

write

b—1
m, :m—N+%.

Then, if 8 = +, if y, < m}, putting

s = (M)

p < <y < ml,

gives a unipotent representation of the group H X SOZ( Nem-tp) (F,) =
(Zsox ) (W(s 5)))". Similarly, if 8 = —, if A, < m/,, putting

)\1<---<>\a<up)
pr <o < Up
gives a unipotent representation of the group H X SO;( N—m-p) (F,) =

(Zsogm(wq)(lﬁ(S)))D-

Now for the extension data, in the stable range ¢ (s) always has 1
eignevalues and has the same multiplicity of —1 eigenvalues as the input
semisimple element s. First, we put the sign corresponding to the 1
eigenvalues always to be +1 (when (Sp(V'), O(W, B)) lies in the stable
range). When (s) has —1 eigenvalues, we take the sign data to match
the central sign data of the input Sp(V)-Lusztig classification data.

w@=@5®<

Definition 10. Suppose we are given the above notation. We put

(45) V() 1)) = r OB ((s)), () Y

(where the single piece of extension sign data corresponds to 1 eigen-

values of ¥(s)) and
(46) ¢‘@4B(r5p(v) [(s), u, £1]) := rO(W’B)[(@D(S)% ¢(U)](+1’ﬂ)-

4. A COMBINATORIAL IDENTITY

Now recalling [12], a key step in decomposition the restriction of
an oscillator representation w[V @ W] to Sp(V') x O(W, B) is to sepa-
rate off its “top part,” which specifically singles out summands arising
from the eta or zeta correspondence with source corresponding to the
appropriate full-rank orthogonal or symplectic group, respectively. In
the symplectic stable range, we write

w[V @ WP @ mw.5(p) © p,
peO(W,B)
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and call it the top part of w[V @ W]. Similarly, in the orthogonal stable
range, we write

wlV @ W]oP' .= @ p® G (p),

peO(W,B)

and call it the top part of w[V @ W].

From here, the proof of Theorem 2 separates into two key steps:
A combinatorial verification that the dimension of the direct sum of
matches the dimension of the top part of w[V ® W], and an inductive
argument showing that the claimed correspondence in Theorem 2 is
the only possible one. The first step is the goal of this section.

Theorem 11. If (Sp(V'), O(W, B)) is in the symplectic stable range,
the dimension of the top part of the restriction of w[V ® W] matches
the sum of products of the dimensions of irreducible representations of
O(W, B) and their ¢y, p correspondences:

47)  dim(w[V @ W]"r) = Z dim(p) - dim(¢yy 5(p)).
pe O(W,B)

Similarly, if (Sp(V), O(W, B)) is in the orthogonal stable range, the
dimension of the top part of the restriction of w|[V QW] matches the sum
of products of the dimensions of irreducible representations of Sp(V')
and their ¢€/’B correspondences:

(48)  dim(w[V @ W) = Z dim(p) - dim (¢ (p)).

peSp(V)

4.1. The dimension of the top part of the oscillator represen-
tation. First, we need a more explicit formula for the left hand side

of (47):

Proposition 12. Consider symplectic and orthogonal spaces V' and
(W, B) whose dimensions are in the symplectic stable range. Writing
dim(V) = 2N and dim(W) = 2m + 1, the dimension of the top part of
the restriction of w[V ® W1 is

1=0 k=i+1
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Proof. Write, for j <1

; i
Ciji= —(> H (qk—i-l) =
(50) Jq k=it
(@ - D@V —1)... (V) — 1)
(@7 =17 =1)...(¢=1)
Let X, denote the dimension of the top part w[V @ W] P where W is

a 2m + 1-dimensional F-space. Taking the dimension of (3) then gives
the recursive equation

m—1

(51) X,, = q(2m+1)N + Z Coni X
i=0
Our goal to prove (49) is to re-express the right-hand side of (51) in
+

terms of a sum of ¢V for 0 < i < m some lower coefficient. Now,

iteratively applying (51), we find that

m Jj—1
X = > 1 Cuun | ¢

=0 i:€1<---<€]~:m k=1

It suffices to prove

Jj—1 ,
(52) > JICu s = Cma g2).

=0 <--<lj=m k=1

Using (50), each term Hfg;ll Crovypp Where i = 6 < --- < {; = m,

factors as .
(q2m _ 1)<q2(m—1) _ 1) o <q2(m—z+1) . 1)

J—1 Ley1—Lg
IT II «@-v
k=1 =1

which can be simplified as

Y

reducing the claim to

53 4= 3 (" = D@ =D (g -1)

J—1 lrp1—Lg

SRR | B | (U

k=1 r=1
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The right-hand side of (53) can also be written as
X)) -()
0=t} <<l =m—i 69_1 q £9_2 q“. g Q’
by substituting ¢; = ¢; — i, so (53) follows from a g-version of the

multinomial theorem. U

We re-write (49) again as follows, to separate it into terms which
correspond to levels of singularity of semisimple elements (more specif-
ically, the multiplicity of eigenvalue —1) in the classification of irre-
ducible representations of SOg,1(F,):

Proposition 13. The top dimension of w[V @ WP is

m m—~{—1
54 1)t GNHm=O)(m—t—1)+2 m 2(N=i) _ 1)
(9 > (-1'q 0), Il )

(=0

Proof. Substituting i = m — ¢, (49) can be re-written as

m ¢
(55) Z(_l)éq(ﬁ) (7;) 2(I_I(Qj + 1))q(2(m—e)+1)+zv‘

=0 j=1

Now in (54), using

m—~—1
(m—L0—1)(m—1{) = 2k,
7=0
we have
m—~_—1 m—~_—1
q(m—K—l)(m—ﬁ) H (q2(N—z) o 1) _ H (q2N . q2¢)‘
j=0 Jj=0

Hence, (54) reduces to

=0
Finally, at each /,

m—_{—1 m—~{

—~
L
no
2
|
L)
»
~—
I
L)
no
2
<.
L)
3
+
+
3
&
d
|
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Therefore, the coefficient of ¢2(m=9+YN in (55) for each ¢ is

S (1)t (" k) (- IE)

k=0

(identifying (T/,?)q2 with (myﬁk)qQ)' Hence, the claim reduces to verifying

that
L
2 —k
e a7,
k’Z( )q m_k:qg m—€q2

0

(56) )
¢ (mw_L g)qQ E(qj +1)

Further, we have

) )= () ()= )L )

reducing (56) again to a g-multinomial theorem. O

The purpose of re-writing the dimension of the top part of w[V ® W]
as (b4) is because, for each ¢, the prime to ¢ part of the ¢th term of
(54) is

(57)
[SP2m (Fg)lg” - [SPan (Fg)ly
‘Sp2(m—2) (F)lg - [Spae(Fo)ly - ‘Sp2(N—m—£) (Fg)lq-

We use Proposition 13 to conclude (47) by approximating the right
hand recursively by considering terms dim(7)dim(¢w, g(m)) separately

for 1 € O(W, B) arising from a conjugacy class of a semisimple element
of the dual group Sp,,,(F,), which is singular of type (m — ¢, /) (i.e.
has —1 as an eigenvalue with multiplicity 2¢), using the elementary
fact that the sum of the squares of the dimensions of all irreducible
representations of a group G recover its group order. This gives that
the “level ¢” approximation of the right hand side of (47) (which counts
correctly the terms from 7 arising from conjugacy classes of semisimple
elements Sp,,, (F,) with eigenvalue —1 of multiplicity less than or equal
to 2¢, and miss-counts the terms from 7 arising from conjugacy classes
with eigenvalue —1 of multiplicity more than 2¢) is the sum of the first
¢ terms of (54).
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More formally:

Proof of Theorem 11. Suppose W is an F,-vector space of dimension
2m+1 with symmetric bilinear form B. First, consider irreducible rep-

resentations 7 € O(W, B) whose restrictions Resgow, ) () to SO(W, B)
correspond to a conjugacy class of a semisimple element s € Sp,,, (F,)

where —1 is not an eigenvalue. Call such irreducible representations
of SO(W, B) the “level 0”7 representations of SO(W, B). For each such

S SOTVIT B), say with Lusztig classification given by the Jordan
decomposition ((s),u), the centralizer of s first must be of the form

t

Zspy (5y) (5 H ) x [ U (F,) x Spa, ()

=1

for S0 ji + 3¢ ki +p = m (where s has 1 as an eigenvalue with
multiplicity 2p), with the unipotent representation u then consisting of
the data of unipotent representations of U (F,), U, (IF,), and a symbol
of rank p and type C. Then,

ZSO2N+1(FQ)(8 D O-]%/fm) =

H Ujf ) X H Uy (Fg) x SOgp41(Fy) x SOEIE(N m) (]Fq)

wich has order

*disc(B
|Z500x415) (8 © O )| = | D, 5 (5)] - SOy 1y (o)
For both choices, the dimension of ¢, g(u) is equal to the dimen-

sion of u. Hence, for every 7/ € SO(W, B), the sum of dimensions
dim(ow,p(m® 1)) + dim(éw.s(m ® —1)) is equal to the dimension of 7,
multiplied by

[Span (Fy) g + 1Span (Fy) g _
QISO;(me)(Fq) X SPom (Fo)ly 2|SO2(N ( g) X SPan (Fg)ly

,_n

m—

1 N mH 2(N

| Sp2m( i=0
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Hence, since the dimensions of the O(W, B) representations 7 ® 1 and
T ® —1 are equal to dim(m), the sum of the two terms

(58)

dim(7’ ® 1) dim(¢w (7 ® 1)) + dim(7’ ® —1) dim(¢w (7' @ —1)) =

dim( N mm g 2(N

i=

—

If all representations 7" € SO(W, B) satisfied (58), then the right hand
side of (47) would equal

|SO<W B N m 2(N
‘Sp2m H

m—1
N-—m(m—1) H (q2(N—
=0

(recalling that [SO(W, B)| = |Spy,,(F,)|, with g-part equal to ¢™").
We call (59) the level 0 approzimation of (47). Note that it is pre-
cisely equal to the Oth term of (47). The remainder of the argument
consists of considering the ranges of irreducible representations arising
from semisimple elements one ¢ at a time (from ¢ =1 to £ = m). We
must compute that adding the ¢th term of (54) cancels the “level (-
error,” arising from miscounting the terms (47) for 7" arising from (s)
with exactly 2¢ in the level (¢ — 1)-approximation of (47) (though it
may create more error at higher levels), so that we can take the sum

L m—i—1
i m—i)(m—i—1)4q2 [ T —j
S (1o () T (-
q2

=0 Jj=0

(59)

to be the level ¢ approximation of (47).

We may therefore prove Theorem 11 inductively by verifying that
for every ¢, the level (-approximation is equal to the sum of the Oth to
(th terms of (54), up to an error of terms with N-degree less than or
equal to 2(m — () + 1.

Lemma 14. Fix a symbol (;\Lizl)f;) of rank ¢, type C', and write

¢ = (a+b—1)/2. Choosing the sign of SO;\(F,) in the denomi-
nator according to matching the defect of the written symbols with the
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appropriate groups (depending on a — b mod 4), then the sum

|Sp23cN( o)lg dzm(( 1< < Aa >)+
SO,y (Fg) g p <o <y <N —Lc

(60)
|Sp23FN(Fq)|q’ dz’m((Al < <A < N—é-i—C))
|SO5 (Fg)lgr pp < < Up

18 the product
(61)

(

|Span (Fy) g i |Span (Fg) |y )-
|SOZZ+1<Fq) X SO;—(N—Z)(]F(]HQ' |SOQ€+1(F11) X SO;(N—Z)(FCI>

dim((Al < e <)\a))7

o <<

)\1<---</\a>)

up to an error term equal to (61), multiplied again by dim((#1<m<ub

and the factor

qN—(m—K)(m—Z—l) |Span (Fy) |y 1502 +1(Fy) |y
|Sp2(N—m+e) (Fq)|q’ |SO2€+1 (]Fq) X SOZ(m%)H(Fq)lq’l

Proof. Suppose, without loss of generality, a — b is 1 mod 4. Recalling
how to compute the dimensions of symbols, we have that

dzm( )\1<"'<)\a )
pp <<y < N—L+c

q(a+g—1>+<a+g—3)+(a+g—5)+... . |SO;_N(IFQ>|(]'

a b
(<
dlm(( 1 <“b) H N— e"rC_}_q H N— £+C_ 1

M1 <

g ) ) 10y (F H
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and, similarly,
A< <A <N/
dim (< 1< <A < —l—c))

< < [y
g () (T 5) 18055 (F))ly

a b
dim(()\1<.--<)\a))H(NK+c_ H N€+c+qui)
=1

pr <o < Hp

=1
(a+b72)+(a+b74)+(a+b 6) N-tie
A 2 2 |SO%+1 H
i=1

Summing the terms (60) then gives a product of the coefficient

Fo)lq
|Sp2N(Nq2|q dim( <)\1 < < Aa))’
—t+c i < e <
1SO241(Fg) g H (¢ —1)
i=1

with the factor

L) 1 1
q(a+l27—1>+<a+l2?—3)+(a+3—5)+m - ng;(}(Z(Cfi)fl) - ch,

H(NEJrc_ ﬁ N€+c+q“’—|—
(62) -

(gN e — g).

=

H(quéJrc + q)\i)

i=1 i=1

Since the defect a—b is odd, when multiplying out the factors (62) as a
sum of powers of ¢ ¢ (with lesser coefficients, not involving N), we
find that only odd powers ¢2*+)(V=t+¢) have non-zero coefficient (for
k=0,...,c). Explicitly, it is

_ c c _ ¢ r r . 2(c—k)—r .
2qN o+ (Z q2k(N t+c) | Z(_1> qu=1>\zS+Zs:1 tis )
k=0
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where the second sum runs over all choices of r and 1 < 4; < --- <
i <a, 1<y <0 < Joe—k)y—r < b. Consider

20 = (" = D+ (V1) =

|Sp2(N—£) (Fo)lg |Sp2(N—£) Fo)ly
|SO;(N_g) (Fq”q’ |SO;(N_5) (]Fq)|q’

q°( )-
Redistributing terms, this can be re-expressed as the product of

SPan (Fo)lo 4 [SPan (Fo)ly )-
|SO%+1 (]Fq) X SO;_(N—K) (Fq)|q’ |SOZ€+1(Fq) x SOQ_(N—K) (Fq)|q’

dz’m(()\l < e < Aa>)

with the fraction

Cc
g - 3 O S (g i AT g
k=0

C

qc2 _ H(qz(N—e+z‘) —1)

i=1
(63)
Z RGN Z(_l)r o D DRI
k=0
c—1
H(QQ(NféJrc) _ q21)
=0

In particular, the top degree of ¢ in both the numerator and demoniator
of (63) is 2¢(N —{+c). Finally, therefore (63) reduces as 1 (contributing
the claimed main term), summed with

c—1

_fl+c r T i 2(_cfk)7'r ) C
Zqzk(N l+e) (§ :(_1) qZS:IASJrZS,I His _ (k) 2)
k=0 q

Y

recalling

c
Z qz(z1+ k) — (k) )
q2

0<b1 <. by <c—1
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The previous terms arise from spillover from previous levele ¢ corre-
sponding to representations arising from semisimple elements at stage
¢" with —1 an eigenvalue of multiplicity 2(¢ — ¢'). Again, summing
obtains a full sum of sqares of representations of Spy (¢ (Fy)-

Summing these error terms then gives

(—1 ¢ |Span(Fg)ly SPam (Fo)ly
|Sp2(N—m+€) (Fo)ly Spae(Fy) X sz(m—e) (Fo)lg

’Sp2(m76) (Fy)| gm0 Spae(IFy)|
|Sp2(m—£) (F)lg 1SPae(Fo)ly

which equals the /th term of (54). O

4.2. Modifications for even-dimensional orthogonal spaces. In
the two cases of W with even dimension dim (W) = 2m, similar argu-
ments for Theorem 11 apply, with the following modifications:

Case 1: B is totally split In this case, the orders of the parabolic
quotients of O(W, B) = O3, (F,) are

04,,(F,)/ Poal = (’,’j) I

j=m—k
for k = 0,...,m, again writing Pp for the parabolic subgroup of

O(W, B) Wlth Lev1 subgroup O2(m w(Fq) X GLi(Fy). Again, the di-

mension of can be directly computed by taking the dimension of (3)
and recursively computing. The analogue of (49) then is

dim(w]V @ W]tor) =

i<_1)miq(m;) (T)q : ﬁ(qj +1) - g2

i=0 j=i

The second step of processing the dimension of the top part of the
oscillator representation, analogous to Proposition 13, is
(64)
dim(w[V ® W]*P) =
——

i g =D +on—0) (m—t=1) m (m€+q H 2N=1) _ 1),
= 14 (g™ +1)

q2 jZO



41

The significance of the coefficients in (64) (similar to (57)) is that
for each ¢,

m—_{—1

m ot ‘ 2(N—j
(e)qfq(qm—jlq)) [ e =n=

1=0

1 SO5,(Fo)l¢ - [Span (Fy)lo _
2 ‘SO&(Fqu’ ) ’SO;—(mff) (Fo)lg - ‘Sp2(N—m+€) (Fo)ly

SO5 (Fg) g - [SPan (Fo)ly .
SO%(Fg)ly - |SO;(m_z) (Fo)lg - |Sp2(N—m+é) (Fo)lq

Case 2: B is not totally split. In this case, the order of the parabolic
quotients of O(W, B) = Oy, (F,) are

_ m—1 - .
0, E)Pead = (") - T @)
4 j=m—k+1
for k =0,...,m — 1, again writing P for the parabolic subgroup of

O(W, B) with Levi subgroup Oy (F,) x GLg(F,). The analogue of

(49) then is

m—k)

dim(w[V @ W]iP) =

zm:(_l)miq(m;i> (mi_l) ' ﬁ (¢ +1)-¢*"

i=1 4 j=i+l

Then the second step re-expresses (54) as
(65)
dim(w[V @ W]iP) =

m—_—1

m—1 m—L __ L .
Z(_1)€q€(€fl)+(mf€)(mf€fl) <TZ) (g q') H (QQ(N*J) —1)
q? j=0

p (" —1)
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Similarly as in the non-split case, the ¢th factor of (65) can be inter-
preted by

m m—0 0 m—_—1 '
(0 e

1 S04, (Fg) g - [SPon (Fg) |y
2 \ 18050y (Fo)lgr - 1SO2(Fo)lgr - 1SPa(v—m)(Fo)lo

SO, (Fg)lg - 1Span (Fg)ly '
|So;(m_e) (Fq)lq’ ’ |SO2_£(Fq)’q’ ’ ’Sp2(N7m+£) (Fq”q’

4.3. The case of the odd orthogonal stable range. The same ar-
gument as in the previous subsections also work for a choice of reductive
dual pair (Sp(V), O(W, B)) in the orthogonal stable range. The same
calculation as in Proposition 12 also holds in this case.

Proposition 15. Consider symplectic and orthogonal spaces V and
(W, B) whose dimensions are in the orthogonal stable range. The di-
mension of the top part of w[V & W] is

dim(w[V ®@ W]kP) =

(Note again that nothing in the statement or proof of Proposition 15
uses the parity of the dimension of W)
Again, we process this further:

Proposition 16. Consider symplectic and orthogonal spaces V and
(W, B) The dimension of the top part of the oscillator representation
w[V @ W]kP s

dim(w[V @ WPP) =
N N N—/(—1 A
Z(_l)Z . q(N—Z) +0(6—-1) | (6) . H (qQ(m—z) _ 1).
2 !

=0

(66)

Denote the /th term of (66) by

N—(—1
- - N m—i
(67) Xo(N,m) = (—1)" - gN-02+C 1).( ) ST (@ -y,
q2
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In particular, note that
(68) Xe(t,m) = (=1)"- "

does not depend on m. Recalling that, for any rank r, the order of the
symplectic and odd special orthogonal group is

[Spa, (Fo)| = 180241 (Fy)| = ¢ [ [ (¢ - 1),
=1

we in fact find that
(69)

N N—t—1
0 () TL -0 = B g )
@ =0
SPan (Fo)lo . [SO2m+1(Fg)ly .
[SPav—6)(Fa) X SPoe(Fy)le [SO2(m—n+0y+1(Fg) X SO2v—)41(Fg)ly

In particular, using (68), we find that
(70)

Xo(Nym) = Xg(l,m — N +£) - |Spyy_p (Fg) |-

Span (Fg) g . SO2m+1(Fy) g '
1SPov—0)(Fq) X SPae(Fo)ly  [SO2(m—nre)+1(Fg) X SOan—)41(Fy)ly

It remains to produce the terms X,(N,m) from the summands on
the right hand side of (48).

We will recursively compute
(71) > dim(p) - dim(¢y"F (p))
peSp(V)

using a series of N increasingly accurate approximations. For ¢ =
0,...,N, the “level £” approximation will be equal to

XO(Nvm) +X1(N7m> + o +X€<N7m)v
and will correctly count the terms
(72) dim(p) - dim(yy" ()

for p with Lusztig data consisting of a conjugacy class of a semisimple
element s € SOyn11(F,) with eigenvalue —1 occuring with multiplicity
less than or equal to 2/.
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Definition 17. Say a representation p of a finite group of Lie type
occurs at level £ if the conjugacy class (s) of a semisimple element in
its Lusztig data has eigenvalue —1 with multiplicity 2¢.

The level ¢ approximation of (71) will also generate some error terms
that must be accounted for in approximations at later levels. At level
¢ = N, we will have used all previous/le\vels7 errors, and correctly
counted the contribution of every p € Spyn (F,).

First, we describe the level 0 approximation of (71). Consider irre-
ducible representations 75*(V)[(s), u] where s is a conjugacy class of a
semisimple element with no —1 eigenvalues. We then have

(73)  Z500m 115 (U(5)) = (Zspyy () (5))” X Doy (Fo),
Y(u) = u®1 (where 1 denotes the trivial representation of Spy,,,_ n(Fy))-
Therefore,
. [SPawm (Fo)ly .
(74)  dim(¢y " (p)) = m dim(p).
v |Sp2(m—N) (Fq) X Span(Fy)ly
We define the level 0 approximation of (71), by imagining that (74)

holds for every p € Sp,yy(F,), giving

’Sp2 (Fq)‘q/ . 2
o dim(p)*.
—_|SPym—n)(Fq) X Span(Fo)ly
pESPan (Fq)
We can see that this is
[SP2 (Fo) |y

[Spay (Fg)| = Xn (0, N).

|Sp2(mfN) (Fy) x Spon (Fy)ly A
The error of the level 0 approximation consits of two kinds of contri-
butions for p occuring at level 1 < ¢ < N: the “true terms” (72), and
the negative of the “faked terms added at level 0,” which are precisely

| Sp2m (Fq> |q’

75 —
(75) |Sp2(m—N) (Fy) X Span (Fo)ly

dim(p)>.

Now let us consider the level ¢ approximation for 1 < ¢ < N. For a
representation 75P(V) [s,u, +1] occuring at level ¢, we have

ZSO2N+1(Fq)<S) = H x SO;‘:Z(IFCI)’

where we may consider H as the centralizer of a semisimple element
s, which is conjugate to the diagonalization of s restricted away from
the 2¢ coordinates with eigenvalues —1, in SOo(n_g)41(Fy):

(76) H= ZSOQ(N—Z)+1(FQ)<8/>'
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The centralizers of semisimple elements of SOy(n_¢)41(IFq) which appear
as (76) are precisely those with no factors of type D or *D (since s’ by
definition has no —1 eigenvalues). Write a unipotent representation u
of H x SO%,(F,) as

U =1ug ® Ugot (g,

—

for uy € H,, Usok (v,) € SO3(F,),. Then the sum of the true terms

contributed by r?(V)[(s), u, +1] and r?()[(s), u, —1] is the product of
the “induction factor”

[SPan (Fa)lg” - ISP (Fo)lo

(77) dim (ug)?
|H x SO;’}(Fq)]q/ “[H X SO2(m—n+0)+1(Fg) |y

with
+ : (dlmwﬂ(usoi(wq)) + 1 1(“805(1&,)))'

Now (77) can be re-written as

(78)
‘SPQN (]Fq) |q’ |Sp2m (Fq) |q’
SO (v—0)41(Fg) X SO%(Fg)l¢1SO2(n—r)41(Fg) X SOo(m—n—e)41(Fg)ly

dim(r 0010 (), )

where r502v-0+1Fa)[(5") 4] denotes the irreducible representation of
SOa(n—r)+1(IFy) associated to the SOyn_p)41(F,)-Lusztig classification
data of [(s'), uy]. We introduce “faked terms occuring at level ¢” which
consist of a product of (78) with X,(¢, N).

Hence, by induction on N, this reduces (48) to checking the “highest
level” of singularity, i.e. find terms matching the Nth term. The “true”
new representations obtained at level N arise from Lusztig data

Ay < -oo < )\
[ozz,( D “),ﬂ],
< <y

A <-<Ag
H < <pip
a unipotent representation of SOy (FF,).

recalling Definition (5), where ( ) denotes a symbol specifying

Proposition 18. The sum of the “true” level N terms

Yo dim(r Dol u, 1)) - dim(y P (P ED ol u, £1])+

ueSO;y (Fy),
> dim(rFreyEDog u, 1)) - dim(y (D oy u, £1]))

—

u€S0,y (Fq),
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(where we sum over both central signs where left ambiguous) and every
level £ error contribution for 1 < ¢ < N — 1 to the Nth level

(1)t Z dim(u)* + Z dim(u)? | - Xn (£, m)

u€SOS 4 (Fq) u€SO, 4 (Fq)

s equal to
Xn(N,m) = gD,

A< <Aa

u1<---<ub) is a non-degenerate symbol of SOFy (F,).

Proof. First, suppose (

Let us write
a+b

2

xr:=N—-—m+

Then the sum of dimensions

. A <<
dlmSOzN+1 (Fq) ( ( 1;<f<l;$> )+

dim302N+1(Fq)“pfif:;z:\zz))
is equal to the product of
)\1 < - ie <A
79 N+1)-di ¢
79) (0 £ 1) dingos (57 EN)

with the factor
a b

@ -] +a) + [+ []@@ )

S

=1 7j=1 i=1 7j=1
(80) (a+b)/2
=1

The top ¢-degrees of the numerator and denominator of (80) clearly
match, and are equal to z(a + b), suggesting a cancellation with the
corresponding “level 07 error term. Our goal is to re-express the nu-
merator of (80) in terms of the previous levels’ error terms. To do this,
we proceed inductively, replacing each error term’s Xy (¢, m) factor
with the induction hypothesis for X,(¢, m), multiplied by (69). This
will give

(=D~ Zpesommq)dim(p)z 2 s, dim(p)®

_ L eSOy (F)
2 |SO2N( q)|q’ ’SO;N(Fq”q’ ,
which is (—1)YgV V=1 since the q part of the order of SOz (F,)| is
N(N-1).

q
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4.4. Modifications for even orthogonal groups. Now consider or-
thogonal spaces W of even dimension dim(W) = 2m. First, note that
there is no distinction in the dimension of the top part depending on
whether the symmetric bilinear form on W is completely split or not.
Our replacement for the calculation of the dimension of the top part is

Proposition 19. Suppose dim(W) = 2m, dim (V) =2N. Then

wl[V @ W]tr =
(81) N . e N N—/¢ . ;
Zq22+(N £)(N—£—1) . H(qz( N+L+i) 1)
(=0 ¢ ? =1

Write Yy(N, m) for the ¢th term of (81), replacing (66).

Let us suppose that the symmetric bilinear form on W is completely
split, i.e. O(W, B) = O3, (F,). (Again the non-split even case follows
similarly.) Consider a semisimple element s of SOgn41(F,) with 1 as
an eigenvalue of total multiplicity 2¢ + 1. Then its centralizer is of the
form

(82) ZSOQN+1(]Fq)(S) = H X SO?€+1(FQ)7

for H now denoting a centralizer of a semisimple element with no
1 eigenvalues in an even special orthogonal group (of either parity)
SO;E(NJ)(IF ). Let us write H C SO y_,(F,). Then

(83) Zso;m(Fq)(z/)(S)) = H" x SO;(m—NH)(Fq)-

Hence, inductively, the level ¢ approximation in this case has terms
equal to Y(¢, m), multiplied by “inductive factor” equal to half of the
sum of

)’ |SO?N+1< Q)|f1'
|SO6 2(N— e)( g) X SOg041(Fy)|y

SO5w—)(F

(84)
SO5, (Fo) o
|SO§(N—£) (Fy) x SO5(m—nN-+0) (Fy)lg

over the two choices of € = +. Now (84) can be simplified as

N N—/—1
q(N—Z)(N—Z—l) . . (qm _ 1) . H (qZ(m—N—I—E-H) _ 1)_
().

=1

(85)

(VT +el) - (¢t el),
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and we further have

@ ) ) @ =) ) = g L

Therefore, the average of (85) over the two choices of parity € = + is

N—¢
(86) q(N—K)(N—Z—l) . (ZZ) H(q2(m—N+€+i) o 1)

a? =1

Hence, considering (81), it remains to find
(87) Y(6,m) = ¢

Finding these terms proceeds exactly similarly to in the case of odd-
dimensional W, since it is the ¢g-part of the order of SOqp41(F,).

In the case when the symmetric bilinear form on W is not completely
split, i.e. O(W, B) = O,,,(F,), if we have (82), then instead of (83), we

have
Zso;m(Fq)W(s)) = HP x SO;(;_NM) (F,)

and therefore the inductive factor (84) is replaced by

SO2n-+1(Fy) g
|SO§(N—£) (Fq) X SO2€+1(Fq) ’q’

SO5(v—0)(Fy)|

(88)
505, (Fg)ly

|SO§(N—£) (Fq) X Soz_(jn_]\m-ﬁ) (Fq)|q”

which is simplified as

N 4
(N=£6)(N—t-1) | (4 1) - 2(m—N+L+1) 1)
’ (7), @0 Tl @ )

(¥ + €l) - (gmNH — e1).

Now we have

1
S@ D (@ =D (T D) (@ ) =g -
again simplifying the average of terms for different parities ¢ = + into

(86), meaning that it remains to find the same terms (87).
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5. AN INDUCTIVE ARGUMENT

In this section, we conclude the statement of Theorem 2. First, we
note that the toral characters of the eta and zeta correspondence are
determined inductively, by examining the restriction of the oscillator
representations to finite general linear groups. This confirms that the
semisimple and cetnral sign data of 7y, g(p) (resp. &P (p)) matches

that of ¢y, 5(p) (resp. Y1P (p)). This is treated in Subsection 5.1.
It then remains in all cases to confirm the unipotent part of 771‘,/[,7 5(p)

(resp. (" (p)) matches that of ¢}y 5(p) (resp. ¥y " (p)). First, we
prove Proposition 3, and conclude that for N >> n, we have

(89) dim(my,5(p)) = dim(¢y; 5(p))
(and similarly, for n >> N, we have
(90) dim(Gy5(p)) = dim vy 5(p))).

We may view these dimensions as polynomials of ¢V (resp. ¢"). The
results of [12] can be used to see that in either stable range, the idempo-
tent in the endomorphism algebra picking out any summand of the eta
(resp. zeta) correspondence does not depend on N (resp. n). There-
fore, we can apply the description from [12] to see that (98) and (90)
both hold for any choice of N, n in the symplectic and orthogonal stable
ranges. Therefore, since each unipotent representation corresponding
to a different symbol has a different dimension, we find that our claimed
construction is the only possible choice. Hence, we conclude Theorem
2.

For the remainder of this section, we restrict attention to the case of
the eta correspondence and ¢¥V, 5, since the case of the zeta correspon-

dence and ¢‘V,V B can be done completely similarly.

5.1. Determining the semisimple and sign data. The purpose of
this subsection is to prove that the semisimple part (and sign data) of
the Sp(V')-Lusztig classification data of the representation obtained by
applying an eta correspondence 771‘4/,7 5(p) matches the semisimple part
(and sign data) of our constructed representation ¢y, p(p) (and the
similar statement for ¢"” and ;7).

Broadly, this can be concluded since, considering GLy(F,) € Sp(V),
the restriction of the oscillator representation is

Resary ) (w[V]) = €(det) ® CFY.
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Now we also have the restriction
ResGL(V) (W[V X W]) = (ReSGL(V) (W[V]))®W

where ® W denotes a degree dim(W) tensor product of oscillator repre-
sentations w[V]. Since characters are matched exactly in the premuta-
tion representation factors, for example in the case of odd-dimensional
W, we know the underlying toral character and the sign data. We
now restrict attention to the case of comparing nXu p and ¢¥V, g, for
(Sp(V), O(W, B)) in the symplectic stable range. The case of compar-
ing C“;V B and 1/1‘1//‘/ B for the orthogonal stable range is similar.

Proposition 20. Suppose (Sp(V'), O(W, B)) is in the symplectic stable
range. If dim(W) = 2m + 1 is odd, for p an irreducible representation
of 8Os 11(F,) arising from the conjugacy class of a semisimple element
s € SOgm+1(Fy) and a unipotent representation u of its centralizer, then
in the Lusztig classification data of 7]1‘4//,3((:&1) ® p), its semisimple part
is

(¢5(5)) = (s ® ox_y)-
If dim(W) = 2m is even, for p an irreducible representation of Oy, (F,)
arising from an SO;tm(IFq)-representation corresponding to the conju-
gacy class of a semisimple element s € SOQim(IE‘q) and a unipotent rep-
resentation u of its centralizer, then in the Jordan decomposition of
771‘4/,7 5(p), its semisimple part is

(9(s)) = (5 @ Lyv—m)+1)-

Proof. Suppose dim(W) = 2m + 1. Let us begin by considering
(91) SO5 (F,) x - -+ x SO5 (F,)

S/

v~
m

as a torus of SO(W, B). Fix a character
Xay &+ & Xag

corresponding to ai, ..., @, € figr1 = SO3(F,). Consider the max-
imal parabolic subgroup with Levi (91) (i.e. the Borel subgroup)
B(W,B) € SO(W, B). Then, for an irreducible representation p with
this character, i.e.

p < IndO(WB)(th K- ® Xam)7
we need to prove that nw g(p) corresponds to a toral character

(92) Xay K Xam ® (6)®N_m
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in SO3(F,) x --- x SO5(F,) C Spyy(F,) (considering ¢ as the qua-

-~

N
dratic character of p,-1 = SO5 (F,).

Consider the inclusion of the product of this torus with Sp(V)
SO5 (Fq) x -+ x SO5 (Fy) xSp(V') € SO(W, B) x Sp(V')

v~
m

(93)
C Sp(VeWw).

Pick the ith factor SO3 (FF,) in (93), taking the inclusion
(94) 8O3 (Fy) x Sp(V) € Sp(V @ W)
Restricting w[V @ W] along (94) gives a restriction

(2m—1)N
(95) Resgot ) xspory W[V ® F3]) ® C

considering Fg with the split and non-split symmetric bilinear form,

respectively, (and taking the trivial action on C?*" "™ Recalling the

results of [12], in each factor (95), it decomposes as a SO3 (F,) x Sp(V)-
representation pairing every x,,-type SO;E(Fq)—representation with a
representation Sp(V') in the induction

Tnd S0z (Fa) (Xa,),

considering SO3 (F,) as a factor of a torus in Sp(V) Since this holds
for every ¢, it also holds in the restriction of w[V @ W] along (93): in

ReSSOzi(qu)x-~~xso§(Fq)xsp(v) (w[V @ W),

the character Yo, ® -+ ® Xa,, as a representation of SO3 (F,) x - -+ x
SO5 (F,) is paired with a representation of Sp(V) in that character’s
induction, viewing the copies of SO3 (I, )’s as blocks in a torus of Sp(V/).

The remaining factors of € in (92) corresponding to the remaining
N — m factors in a torus of Sp(V') arise since the restriction of Sp(V)
to a representation of

GLy_m(F,) € GL(A) C Sp(V)
is €(det) tensored with a permutation representation.

A similar argument applies to both even-dimensional cases.
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5.2. The proof of Propostion 3. The purpose of thie subsection is
to prove Propostion 3 by induction. Again, we restrict attention to the
case of N >> n, since the case of n >> N is completely similar.

First, we begin by observing the following

Lemma 21. Fizn, and consider N >> n. Fvery irreducible represen-
tation of Spyn(F,) with N-rank n is constructed by applying (bK/’B to
an irreducible representation of O(W, B) for n-dimensional orthogonal

space (W, B).

Proof. First suppose dim(W) = n = 2m+1. Writing out the definition
of ¢w p, we find that the statement is equivalent to the claim that
every irreducible representation of Sp,y(F,) of N-rank 2m + 1 arises
from a conjugacy class (s) of a semisimple element of SOyn 1 (F,) with
centralizer
r t

(96) H U;(Fq) X H Ul;- (Fq> X SO2¢41 (Fq) X SO;t(N—mﬂo) (]Fq)

i=1 i=1
and a unipotent representation u, whose SOQi( Nem +p)(
tensor factor ugy=+ corresponds to a symbol

2(N —m+p)
(Oél <0 < Cka)
B << By

such that either « :N—m—i-zH—Ll;1 or 3 =N—m+p+—“+§’1-

[F,)-representation

First note the prime to ¢ part of the group orders

N ¢
SOan1(F)ly = [J(@* — 1), 180201 (Fy)ly = [](a* — 1),
i=1 i=1

for the groups of type B

1SO3 iy Fly = ("™ F 1) J] (@ -1,

for the froup of type D, and

Ji
U (Fg)lg = H(q“ —1)fori=1,...,r

u=1
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Therefore, the total top degree of ¢ in the quotient of prime to ¢
parts of group orders (23) is

N J4 N—-—m+p—1 o i t ki
2O 24+ (N-m+p)+ > 2i+> Y utd > w)
i=1 =1 =1 i=1 u=1 =1 u=1

which can be simplified as

r Cy. t
Jiji +1) ki(ki +1)
97) N(N+1)—(£(f+1)+(N— 2 :
(97) N(N+1)=(£(l+1)+( m+p)+; 5 +; )
The terms not involving N (arising from SOqs;;(F,) and the unitary
groups) do not affect the N-rank of the final Sp,, (F,)-representation,

since
T t N
2t RS
The remaining terms of (97) are

N - (1=2(m—p)) + (m —p)*.

Therefore, no smaller factor of type D can occur than those allowed by
(96).

The condition on the symbol arises since otherwise the factor (?7)
contributes additional copies of N, unless it is cancelled by the denom-
inator of (22), which can only occur if the rank N —m+p+(a+b—1)/2
occurs as an entry in the symbol itself.

A similar argument applies to even cases of n = dim(W).

The case of Proposition 3 for N >> n then follows by induction.

Proof of Proposition 3, part (1). First we consider the case of W with
odd dimensions, and proceed by induction. Suppose for every m’ < m.,
we know that the disjoint union of the images of the two eta corre-
spondences nyy; p such that dim(W) = 2m’ + 1 is exactly the set of
all irreducible representations of Sp,y(F,) with N-rank 2m’ + 1, for
N >>m.

Suppose (W, B) forms an orthogonal space of dimension 2m + 1. By
the definition of 7y, 5, the sum

B remsk)
peO(W,B)
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is the top summand of w[V ® W]. In particular, its dimension less than
or equal to

dzm(w) _ q(Qm—H)N7
so all Spyy(F,)-representations of higher N-rank cannot occur in the
image of n“,’u 5- Additionally, the images of the different n-correspondences
are all disjoint. Therefore, by the induction hypothesis, no irreducible

representations of lesser odd N-rank may occur in the image of nw p.

To conclude Theorem 2, note that the pairing ¢w, g obtains the max-
imal possible dimension

dim( @ P& dw,s(p))-
peO(W,B)

If a representation of O(W, B) were paired by nw.p with a Spyy(F,)-
representation of lesser N-rank, it would waste dimensions in

dim( €@ r@nwsp)),

—

pEO(W,B)
which would be impossible to get back, by Theorem 11, since no other
representations of N-rank 2m + 1 exist by Proposition 21. 0
5.3. Concluding Theorem 2. In this subsection, we first conclude
that for every p € O(W, B),
(98) dim(ny, 5 (p)) = dim(yy, 5(p)).

for V' of dimension 2N and W of dimension n, with N >> n. In our
construction, for a fixed choice of (W, B) and p, for every N > n, the
dimension of our constructed representation ¢y, p(p) for dim(V) = 2N
can be expressed as a polynomial of ¢V (see (99) below). On the other
hand, we recall the results of [12], which allow us to consider the eta
correspondence on the level of idempotents. By the stable description
of the endomorphism algebra of an oscillator representation given in
[12], we also know the dimensions of ny, z(p) for a fixed p and (W, B)
must be polynomial in ¢”. Therefore, 98 must in fact hold for every
N > n. Combining this with the results of the previous subsection, we
conclude that

anV,B(p) = Cbx‘//V,B(P)»
since all symbols have different dimensions.

First, combining Proposition 20, Proposition 3, and Theorem 11
allows us to conclude (98) for N >> n: Our construction qﬁ%’ p satis-

—

fies the condition that, for representations p, 7 € O(W, B) such that
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dim(p) < dim(m), we have
dim(¢y, 5(p)) < dim (e, ().

Therefore, ¢y, 5 is an injective correspondence from which maximizes
the dimension sum

Z dim(p) - dim(ow.(p)),
peO(W,B)

which we know numerically matches with

Z dim(p) - dim(nw (p))
peO(W.B)

by Theorem 11. Therefore, for N >> n, we must have that the di-
mensions of 7y, p(p) match the dimensions of ¢y, (p). It remains to
prove that this holds for every N > n, from which we can conclude
that the unipotent parts of their Lusztig classification data agree in
general. We do this now, concluding Theorem 2, art (1). The proof of
Part (2) is similar, using the analogue of Proposition 20 for the zeta
correspondence, and the orthogonal stable cases of Proposition 3, and
Theorem 11.

Proof of Theorem 2, part (1). We restrict attention to the case of W
odd dimensional. The even dimensional case proceeds similarly. Fix
an orthogonal space (W, B) of dimesion n = 2m + 1, and fix an irre-
ducible representation p of O(W, B). Considering O(W, B) = Z/2 x
SOgp+1(F,), write p as a tensor product

p = O (s). "

for av denoting a sign specifying a Z/2-action, and [(s), u] denoting the
SOgpm+1(F,)-Lusztig classification data corresponding to the restriction
of p to SOgp11(F,). Let us consider the symbol (i‘tiiz‘;) associated
to the factor of u corresponding to the —1 eigenvalues of s, as in the
construction of ¢y, 5(p). Recall the notation N/ = N —m + “2=L. For
every V of dimension 2N with N > 2m + 1, the dimension of ¢y, (p)

is then equal to

N a b
dim(p)- ] @ =1 1] +a-¢*)-[](¢" —a-q")
i:N;—l—l =1 %

=1
99 )
( ) 2. q(a+b—1)(a+b+1)/4 . |S()2m+1([[?q)|q, ’
which is a polynomial expression applied to ¢*.

On the other hand, let us consider the values of dim(my; p(p)) for
V' of dimension 2N as a function of N. We recall the description of
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endomorphism algebra of w[V ® W] over Sp(V') given in Section 2 of
[12]: Considering the Schrodinger model of the oscillator representa-
tion, there is an isomorphism between the endomorphism algebra and
the space of Sp(V')-fixed points in C(V ® W)

(100) (Bndsp(w[V @ W), 0) 2 (C(V @ W) ),

where * is defined by

S(Ul, ’UQ) . B(U)h wg)
2

(here 1 denotes the non-trivial additive character corresponding to
1 € FY, under our identification of F, with its Pontrjagin dual). To
consider the eta correspondence 7y, 5, in [12] we consider w[V ® W] as
a degree dim (W) tensor product of oscillator representations wg, [V] ®
-+ @ Wy, [V] (considering B to be equivalent to the symmetric bilinear
form corresponding to a diagonal matrix with entries aq, ..., a,). This
essential corresponds to writing out V ® W as a direct sum of n copies

of V. Therefore we also view (100) as describing
(101) Endsp(v) (wa1 [V] XX Way, [V]))

We note that as long as N > n, the right hand side of (100), as an al-
gebra, is stable and does not depend on N. Therefore the same linear
combination of n-tuples of V' vectors in the right hand side of (100)
describes the idempotent with image 7y, 5(p) for any choice of N > n.

(v1 ®@ wy) * (v ® wy) = P(

)'(U1®U}1+'U2®w2)

In particular, the dimension of 7y, p(p) (expressible as the trace of this
idempotent in (101) for V of dimension 2N, is also polynomial in ¢,
since, considering one tensor factor at a time, trace of a linear com-
bination of V-vectors (v) as an endomorphism of w,,[V] is computed

according to
0ifv#0
¢ =
Hence, since this polynomial agrees with the polynomial (99) for in-

finitely many values i.e., when applied to ¢V for N large enough, they
must in fact always agree. Therefore, we obtain (98) for every N > n.

Combining this with the results of the previous subsection which
confirm that the semisimple and sign parts of the Lusztig classifica-
tion data for ny, 5(p) and ¢y, p(p) always match, we obtain that the
unipotent parts must match also (since every symbol has a different
dimension). Therefore, we obtain that

ni‘/{/,B (P) = ¢¥V,B (P)a
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by Lusztig’s classification of irreducible representations, as claimed. [J

6. AN ExpLICIT EXAMPLE: THE CASE OF SLy(F,)

Consider, for example, the case of N =1 (i.e. Spy(FF,) = SLy(F,)),
for n = 2m + 1. The oscillator representation w[IFg] is g-dimensional,
and decomposes along the central Z/2-action into pieces

w[Fg] =w" [Fg] a5 w‘[Fg]
of dimension (¢ + 1)/2, (¢ — 1)/2, respectively. Applying Lemma 15
and Proposition 16 above gives that the top part of w[Fg ® W] has
dimension
" = (g+ 1) =q- (¢ ~1) -1
Consider representations p of SLy(F,). The Lusztig classification
consists of the data of a conjugacy class of a semisimple element

s € SO3(F,) = SLy(F,)”,

a unipotent representation u of Zgo,r,)(), and an additional choice of
sign when s has —1 eigenvalues. There are (¢ — 3)/2, resp. (¢ — 1)/2,
conjugacy classes (s) (corresponding to having eigenvalues {\, \71} C
Hg—1 ~ {£1}, resp. pg1 N {£1}) with

Zs0,(r,)(5) = Uy (Fy), resp. Uy (F,),

whose only unipotent representation is trivial, and whose corresponding
SLy(F,)-representation then has dimension

dim(p°P2F)[s, 1]) = ¢ + 1, resp. ¢ — 1.

There is a single choice of semisimple conjugacy class (07) each with
centralizer Zso,(r,)(s) = SO3 (F,) (corresponding to having eigenvalue
—1 with multiplicity two, with sign determined by the placement of the
last eigenvalue 1, depending on the presentation of the form defining
SO3(F,)), which again has only the trivial unipotent representation,
giving representations of dimension

dim(rP2F)[oE 1) 1)) = dim(rF2F)[gE 1, —1]) = (¢ + 1)/2.

Finally, only (s) = (I) has centralizer the full SO3(F,), which has
two non-trivial unipotent representations corresponding to symbols (é),
(Ofl), of dimesions 1 and ¢, respectively.

We call the s with no —1 eigenvalues the “level 0” choices. Call the
other choices of s the “level 1”7 choices. For the level 0 choices of s, we

have that
Zszm(Fq)(w<S)) = Z30, (FQ>D X Sp2(m—1)<Fq>7
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with ¢(u) defined as the representation corresponding to u of the first
factor, tensored with the trivial representation of Spy,_1)(Fy). We
assign the central sign describing the action of of according to the
discriminant of the form on W and the quadratic character This fully
describes ¢(rSP2(Fa)[(s), 1]) for the level 0 s, and we find

dim(¢(r*=[(s), 1])) =

| SO2m+1(Fy)|y
Sp2(Fa) (). 1 591 (Fo)l -
) g )l - 1SO5(E I

q2m_1
dim(r 9 [(s), 1) L —
q> —

For both level 1 choices of s (in this case, precisely (s) = (o7)), we

have

28y, (8q) (V(5)) = SP2 (Fy),

and we need to assign two choices of unipotent representations in both
cases of the sign. We alter the trivial representation of SO3 (F,) (cor-
responding to the symbol ((1)) of rank 1, type D) by adjoining the
coordinate m to obtain the two choices of symbols

(3") (ocm)

describing unipotent representations of SOgp,+1(F,). Similarly, we al-

ter the trivial representation of SO, (F,) (corresponding to the symbol

(031) of rank 1, type 2D) by adjoining the cooedinate m to obtain the

two choices of symbols

0<l<m 0<1
0 ’ m )
Therefore, for level 1 representations of SLy(FF,), we have

" £1)(¢" Fq)
2(g—1)
q" £ 1)(q" £ q)

2(q+1)

dim(c(ﬁm(%)bi 1, :I:l])) _ (

dim(C(TSPQ(Fq)[Ul—’ 1’ ﬂ:l])) — (

We may now apply our general combinatorial argument, but this
case is small enough to verify directly. Indeed, we can explicitly write
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out

¢=3 (D" -1 g-1 (@=D%¢"=1) (1+)@" =1
2 ¢? -1 2 -1 -1

@+D@m+me—®%jq+Dmm—U@m+®

Alg—1) A(q—1)
L= D"+ D" +q) (= D™ + 1™ +4q)
A(g+1) Alg+1)
(the first row corresponds to the level 0 p, the second row corresponds to

p from (s) = (0;"), and the third row corresponds to p from (s) = (a7 )),

and verify that it equals q(¢*™ — 1) — 1.
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