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ABSTRACT. This is the first in a series of papers on type I Howe
duality for finite fields, concerning the restriction of an oscillator
representation of a symplectic group to the product of a symplec-
tic subgroup and an orthogonal subgroup which are each other’s
centralizers. The goal of the series is to describe this restriction
completely explicitly. Applications (described in the third paper
of the series) include demonstrating that the tensor pairs previ-
ously calculated by S.-Y. Pan to occur with non-zero multiplicity
in fact occur with multiplicity 1, proving the type C case of the
Gurevich-Howe rank conjecture, and giving a recursive formula for
the characters of cuspidal unipotent representations. In this first
paper, we construct the correspondence in the two so-called sta-
ble ranges, where the rank of one of the subgroup factors is large
enough with respect to the other.
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1. INTRODUCTION

This is the first paper in a series dedicated to the problem of Howe
correspondence for finite fields. The question was first introduced by R.

The author was supported by a 2023 National Science Foundation Graduate
Research Fellowship, no. 2023350430.
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Howe in [16] and was discussed in the papers [13, 14] by S. Gurevich and
Howe, bringing to light the finite field case of the Howe duality conjec-
ture [19] for locally compact fields. In rough terms, the correspondence
concerns the decomposition of the restriction of the oscillator represen-
tation of a finite symplectic group to a product of a symplectic and
an orthogonal group which are each other’s centralizers. More broadly,
this can be discussed for general reductive dual pairs, consisting of
any pair of subgroups which are each other’s centralizers in a finite
symplectic group.

Early progress on this program for the case of finite fields was made
by J. Adams and A. Moy [1], who described the behavior of unipo-
tent cuspidal representations under the Howe correspondence between
symplectic and even orthogonal groups, applying previous results of S.
Kudla [30] for the theta correspondence on local fields, which used the
Jacquet functor. Another important advance was the paper [3] by A.-
M. Aubert, J. Michel, and R. Rouquier, who conjectured the behavior
of the Howe correspondence on general unipotent representations (i.e.
those appearing in the Deligne-Lusztig induction of a trivial character),
and proved their conjecture for unitary and general linear groups (i.e.
the “type II case” of Howe duality). Their conjecture for type I dual
pairs, i.e. symplectic and orthogonal groups, was proved by S.-Y. Pan
[37] using the concept of a wuniform projection (a character is called
uniform if it is a linear combination of virtual Deligne-Lusztig charac-
ters). This geometric approach was also used by D. Liu and Z. Wang
in [33] to extend the results of Adams and Moy to the case of reductive
dual pairs involving odd orthogonal groups. Pan [38] went further and,
by proving suitable compatibility results, was able to determine which
pairs of irreducible representations occur in the type I Howe duality
correspondence with non-zero multiplicity.

In the present series of papers, we approach this problem using a dif-
ferent method. We study the Howe duality correspondence directly and
explicitly by examining the endomorphism algebras of tensor products
of oscillator representations over finite fields. In these terms, we de-
scribe explicitly the so-called n-correspondence defined by Gurevich and
Howe [13, 14], and also define and similarly describe a complementary
“(-correspondence.” Having a hands-on description of the irreducible
representations occurring in the Howe duality correspondence gives us
more precise information. For example, as a payoff, we are able to ex-
plicitly demonstrate that the pairs identified by Pan [38] always occur
with multiplicity 1. Using the organization of the oscillator represen-
tation’s decomposition in terms of the eta and zeta correspondences,
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we obtain a recursive formula for the characters of the unipotent cusp-
idal representations, which were still quite mysterious up to this point.
We also prove the type C case of the Gurevich-Howe rank conjecture
(Conjecture 0.3.8 of [14]), the type A case of which was proved R. M.
Guralnick, M. Larsen, and P. H. Tiep [12], and the type B and D cases
of which were proved by Larsen and Tiep in [32]. These applications
will be discussed in the third paper of the series.

The present paper constructs the correspondence in the two so-called
“stable ranges,” in which all irreducible representations of either the
symplectic or the orthogonal group occur in the restricted oscillator
representation. We precisely construct the summands. (In the sym-
plectic stable range, the summands were previously described by F.
Montealegre-Mora and D. Gross [35] in a less explicit way.) In the
next paper, we will make these summand explicit using the Lusztig
classification of representations of finite groups of Lie type, (extending
the results of S.-Y. Pan [37, 38]). In the last paper of the series, we
extend that descriptions beyond the stable ranges, to cover all cases of
the Howe correspondence.

For a symplectic vector space V over a field k, given a non-trivial

additive character

vk — C,

one may consider the associated oscillator or Weil-Shale representation
wy|[ V] of the symplectic group Sp(V) (when, for example, k = Cor F,),
or the metaplectic group Mp(V) (when & = R or Q,). In the case of
k =T, we fix an identification of the non-trivial additive characters of
[F, with the elements of F, writing 9, for the character corresponding
to a € F. We write w,[V] for the oscillator representation associated
to 1,. We also have w,[V] = wy2[V], so we may index only by a €
Fo/(FX)?. Let us write w[V] = wi[V].

The question of Howe duality asks about the decomposition of the
restriction of w[V] to the product of a reductive dual pair of subgroups
of Sp(V) or Mp(V). Denote this reductive dual pair by G, H. Consider
the decomposition

1) Resasn(w) = @D ulpm) - (pem)
peé,wef[
for some multiplicities
JIa é\ X [/’\I — N()-

(In this paper, for a group G, G denotes the set of irreducible unitary
G-representations. )
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For fields £ = C, R, or Q,, there in fact exist subsets S¢ and Sy of the
irreducible representations of G and H, and a bijective correspondence
(called the theta correspondence)

0 : SG — SH,
such that

Resgxm(w) =

/pESG @ 0(p) = /WGSH 6 (m) @ .

This result, referred to as Howe duality, is the culmination of a long
history of work, (see, for example, R. Howe, [19] for the case of k =
R and W.T. Gan, S. Takeda, [9] for £ = @Q,), and has many deep
applications in arithmetic geometry, number theory, and representation
theory. It is an interesting and difficult question to find its appropriate
analogue in the case when k is a finite field. This case, where k£ = I,
(for ¢ a power of an odd prime), is the main topic of the present work.

(2)

Due to the large isotropic subspaces of symmetric bilinear forms over
a finite field, a bijective correspondence 6 giving a decomposition (2)
is not the correct formalism. Still, one can study the decomposition
of Resspvyxow,B)(w[V @ W]), which exhibits interesting relationships
between irreducible representations of Sp(V') and O(W, B), and many
meaningful patterns regarding which pairs p ® m appear in the de-
composition (1) have been constructed and studied (see for example
2,3, 7,13, 14, 37, 38]).

As in the context of an infinite locally compact field, over a finite
field, we may still choose to either consider the decomposition of the
restricted oscillator representation to be indexed by the irreducible rep-
resentations of Sp(V')

(3) Resspv)<oms) (@W @ V) = @ po (p)

or by the irreducible representations of O(W')
(4) Resspv)<owm) (@W @ V]) = € @(p) @p,

—

pEO(W)

for some (not necessarily irreducible or non-zero) Sp(V')- and O(W, B)-
representations ®(p) and ¥(p). We investigate (3) or (4) by examining
the Sp(V')- or O(W, B)-equivariant endomorphism algebras

Endgpvy(w[V @ W]),  Endow,s)(w[V & W]),
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respectively (note that in this notation, the choice of B is assumed
to specify the restriction of w[V' ® W] to Sp(V'), but is hidden in the
notation). It intuitively makes sense to consider (3) (resp. (4)) if
in the reductive dual pair (Sp(V'), O(W, B)) the symplectic group is
“much larger” (resp. “much smaller”) than the orthogonal group.
The case of reductive dual pairs (Sp(V'), O(W, B)) where V' has a
large enough dimension compared to W (specifically, where dim(V") /2 >
dim(W)), which we will refer to as the symplectic stable case, has been
especially studied. S. Gurevich and R. Howe [13] proved that in this
case, every irreducible representation p of O(W, B) appears in the re-
striction of Resgpvyxow,B)(w[V ®W]) to the single factor O(W, B), and
therefore, there exists a non-zero representation of Sp(V') whose tensor
product with p is a summand of Resgyv)xow,s)(w[V @ W]). Further,
there is a unique “top” irreducible piece of this Sp(V')-representation
denoted by n(p), which was constructed by Gurevich and Howe to
specifically have highest U-rank (see [13, 14] for more details). The

resulting function n from O(W, B) into Sp(V) is called the eta corre-
spondence. Here, we write

s - O(W, B) < Sp(V)
for the eta correspondence (omitting the subscript and superscript
when they are implied).

Examining the structure of the endomorphism algebras of the oscilla-
tor representations (and their tensor powers) can be used to investigate
771‘4//7 p and derive an explicit decomposition of the restricted oscillator
representation in terms of it. From this perspective, however the roles
of the symplectic and orthogonal groups can be switched. In this paper,
we find that for an opposite orthogonal stable range (where dim(V) is
less than or equal to the dimension of the maximal isotropic subspace
of W), there exists a system of injections

G Sp(V) = O(W, B)
we call the zeta correspondence, along with an accompanying explicit
decomposition of the restricted oscillator representations. Like 7y, 5 in

the symplectic stable range, C‘I;V B all have disjoint images in the orthog-
onal stable range, each giving a new range of O(W, B)-representations.
To state this concretely, we introduce some notation.

Consider an n-dimensional orthogonal space and symmetric bilinear
form (W, B), and a 2N-dimensional symplectic space and form (V,.5).
The maximal dimension of an isotropic subspace of V' with respect to
S is N. We denote by hy, the maximum dimension of an isotropic
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subspace of W with respect to B. Over a finite field, in the case when
n = 2m is even, we either have hy = m — 1 or m (giving rise to the
two orthogonal groups Oy, (F,) and O, ,(F,), respectively). In the case
when n = 2m + 1 is odd, then we must have hy = m. Then B can be
expressed as a direct sum of Ay copies of the 2-dimensional hyperbolic
symmetric bilinear form and a final anisotropic part of dimension 0, 1,
or 2.

For k the dimension of an isotropic space Z in V, we denote by
(V[—k], S|—k]) the symplectic subspace of dimension 2N — 2k and its
accompanying non-degenerate symplectic form obtained by projecting
away from Z and its dual in V' with respect to S. Similarly, for k the
dimension of an isotropic space Z in W, we write (W |[—k|, B[—k]) for
the orthogonal subspace obtained by projecting away from Z and its
dual in W with respect to B.

Let us also denote by P) (resp. PP) the parabolic subgroups of
Sp(V) (resp. O(W, B)) corresponding to an k-dimensional isotropic
subspace of V' (resp. W) with Levi subgroup

(5)  Sp(V[=k], S[=K]) x GLx(Fy) = Span—oy,(Fg) x GLx(F,)

(resp.
(6)  O(WI[=k], B[=k]) x GL(Fg) = On_2x(Fy) x GLi(F,)).
We may write Indply or IndeB for the Harish-Chandra induction of
a representation p of (5) or (6), which we recall is defined by first
inflating p to a representation of P} or PP by taking elements of the
parabolic’s unipotent radical to act trivially, and then inducing that
inflation to Sp(V') or O(W, B). We will often consider this in the case
of a representation

p ® e(det)
of (5) or (6) where p is an irreducible representation of Sp(V [—k|, S[—k])
or O(W[—k|, B[—k]), and e(det) denotes the 1-dimensional representa-

tion of GLy(F,) (writing e for the non-trivial quadratic character on
).
q

Convention: In this series of papers, we shall adhere to the standard
convention in this topic, which is, for a subgroup H C G, to write Indg
for induction from H to G and Res$ for restriction from G to H. If
one of the variables is understood from the context, we sometimes omit
it.

The stable ranges are characterized by the smaller of the symplec-
tic and orthogonal spaces being of a lesser or equal dimension to the
maximal dimension of an isotropic subspace of the larger:
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Definition 1. Consider a reductive dual pair (Sp(V'), O(W, B)) of sub-
groups of Sp(V @ W).
(1) We say (Sp(V'),O(W, B)) is in the symplectic stable range if
dim(W) < dim(V')/2.

(2) We say (Sp(V),O(W, B)) is in the orthogonal stable range if

The purpose of this paper is then to prove the following

Theorem 2. For the two stable ranges of type I reductive dual pairs,
there are mirroring results on the corresponding endomorphism algebra
of the oscillator representation, giving a decomposition of its restric-
tion:

(A) For (Sp(V),O(W, B)) in the symplectic stable range, the Sp(V')-

equivariant endomorphism algebra of w[V @ W] is isomorphic

to

hw

EB Miow,)pe|(CO(W[—k], B[—k]))

k=0
giving an explicit isomorphism of Resgpvyxomw,p)(w[V @ W])
with

hw
(7) EB EB n"(p) ® Indpz(p @ e(det)).
k=0 peO(W[=k],B[-k))

(B) For (Sp(V'),O(W, B)) in the orthogonal stable range, the O(W, B)-
equivariant endomorphism algebra of w[V @ W] is isomorphic

to
N
D Mispivy/ ) (CSP(VI-H])),
k=0
and in fact, there therefore exists a system of injective maps

C‘I;V’B : Sp(V) — O(W, B) with disjoint images (for fixzed (W, B)
and differing V'), such that Ressyovyxomw,p) (w[V @ W) is iso-
morphic to

N

(8) P P ndpy(p®edet) @ ¢MH(p).

k=0 pesp(V[=k])

Comment: The existence of the isomorphism between the restriction
of w[V®@W] and (7) in the symplectic stable range was established from
the point of view of mathematical physics by F. Montealegre-Mora and
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D. Gross [35]. In this paper, we follow a different approach which can
be applied to both the symplectic and orthogonal stable ranges, and
which gives an explicit combinatorial formula for the decomposition.

In the stable ranges, we can use these results to find an explicit
description of 771‘//V, p and C‘I;V " in terms of Lusztig’s classification of irre-
ducible representations of finite groups of Lie type, using information
about the possible dimensions of irreducible representations of Sp(V)
and O(W, B). This is done in the next part of this series [28], (extend-
ing the results of [37, 38]).

These results obtain explicit decompositions of Resg,v)xow,s) (w[V®
W1) in the symplectic and orthogonal stable ranges, covering about half
of the general cases of type I reductive dual pairs (Sp(V), O(W, B)).
One may ask if Theorem 2 and the following results in [28] can be ex-
tended into the unstable ranges, and specifically the cases up to and
including the “middle” where the ranks of Sp(V') and O(W, B) are
equal or close. This is possible using interpolated category theory, and
this result is concluded in the third part of this series [29] (completing
a full description of Resgpv)xow,p)(w[V ® W]) for a general case of
(Sp(V), O(W, B))).

The present paper is organized as follows: In Section 2, we discuss
the endomorphism algebras of w[V ® W] over Sp(V') and O(W, B). We
interpret the vector spaces of endomorphisms as spaces of fixed points
in CV ® W and introduce an operation * corresponding to compo-
sition. Using this description, we can elementarily calculate the di-
mensions of Endg,vy(w[V ® W]) and Endow,s)(w[V @ W]) and find
elements corresponding to generators of the group algebras of orthog-
onal and symplectic groups, respectively. In Section 3, we prove a
combinatorial identity verifying that the dimensions the Sp(V')- and
O(W, B)-equivariant endomorphism algebras of w[V' ® W] match the
dimensions of the proposed sums of matrix algebras in Theorem 2.
Combining this with the work of the previous section, we are able to
prove the endomorphism algebras decompose as claimed in Theorem
2. We do this in Section 4, where we also use an inductive argument
and information about Hom-spaces between oscillator representations
(and their tensor powers) to deduce the decomposition of the restricted
oscillator representation, concluding the proof of Theorem 2.

Acknowledgment: The author is thankful to Pierre Deligne, Sham-
gar Gurevich, Roger Howe, Peter Sarnak, Pham Huu Tiep, and Jialiang
Zou for discussions and comments.



2. THE ENDOMORPHISM ALGEBRA OF AN OSCILLATOR
REPRESENTATION

In this section, we set-up some key results on the structure of the
endomorphism algebras of an oscillator representation. In Subsection
2.1, for a general symplectic space V, we consider the algebra of en-
domorphisms of an oscillator representation w[V] equivariant with re-
spect to any subgroup G C Sp(V). We find that it is isomorphic to
the fixed point space CVY with respect to a certain algebra operation
*v. In Subsection 2.2, we return to the setting of a reductive dual
pair (Sp(V),O(W, B)) and use this re-expression to compute the di-
mensions of the endomorphism algebras of w[V ® W] over Sp(V') and
O(W, B) in the symplectic and orthogonal stable ranges, respectively.
In Subsection 2.3, we discuss the “top part” of these endomorphism
algebras. We find the group algebra CO(W, B) in the top part of
Endgp, vy (w[V @ W]), in the case of (Sp(V'), O(W, B)) in the symplectic
stable range, in Subsection 2.4. Finally, in Subsection 2.5, we find the
group algebra CSp(V') in the top part of Endogwy,p)(w[V ® W) in the
case of the orthogonal stable range.

2.1. Endomorphisms and the Schrodinger model. In this subsec-
tion, consider a general symplectic space and form (V,S). Recall that
for an oscillator representation w,[V], its dual is the oscillator repre-
sentation of opposite character w_,[V] (see [16]). Their tensor product
gives the vector representation CV where Sp(V) acts geometrically.
For a vector v € V, we write [v] for the corresponding basis element of
CV.

In particular, for a subgroup G C Sp(V), the endomorphism algebra
of the restriction of an oscillator representation to G is, as a vector
space, isomorphic to the G-fixed point subspace of CV

Endg(w,[V]) = Homg (1, w,[V] ® w_,[V]) =2 CVY,

which can also be considered as the C-vector space with a basis indexed
by G-orbits in V. In particular, for G trivial, the vector endomorphism
algebra of w,[V] is isomorphic, as a vector space, with CV itself.

Now we construct an operation xy on CV corresponding to the com-
position operation in the vector endomorphism algebra of w,[V], so
that

(9) (Endyect (wa[V]),0) = (CV, *y),

and for subgroups G C Sp(V), Endg(w,[V]) is the subalgebra of G-
fixed points in (9). We define this operation xy on CV, by putting, for
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u,v €V,
(10) ] v (0] = a( 58, 0)) [+ 0]

(and extending C-linearly). This can be considered as an “untwisted”
variant of the algebra operation arising from the Schrodinger model of
the oscillator representation.

Recall that for a decomposition of a symplectic space V into La-
grangians A, & A_, we may identify the oscillator representation as
we[V] = CA_. For a vector z € A_, let us write {z} for the corre-
sponding basis element of CA_. The action of an element (v, ¢) of the
Heisenberg group H (for v € V, ¢ € F,) on a generator x € A_ is given
by

(0, (} = Yule+ 58(v,,2) {v- + 1},

where v = v, + v_ is the unique decomposition of v into vectors
vy € Ay, v € A_. This gives w,[V] the structure of a Weil-Shale
representation. The action of Sp(V) making it an oscillator represen-
tation arises from the uniqueness of the Weil-Shale representation for
each central character.

Arising from the action of the Heisenberg group, we then see a nat-
ural action of an algebra (CV, *y) on w,[V] = CA_, for the operation
xy given by acting on basis elements, for v = v, +u_,v =vy+v_ €V
with uy, vy € Ay, by

[u] v [o] = Ya(S(uy, v-)) [u+ 0]

and extending C-linearly (see also Remark 7.2.6 of [13], identifying a
vector generator [v] with its corresponding indicator function). Applied
to a basis element © € A_ of the oscillator representation, a vector
v € V, viewed as a basis element of (CV, %y ), acts by

(11) I({z}) = ¢a(S(vy, 2)) {v- + ]
The model (Endyect(wa[V]),0) = (CV, xy) is the standard form of the

endomorphism algebra of the oscillator representation arising from the
Schrodinger model.

Now we can see our untwisted choice of algebra (CV, xy) defined by
the operation (10) is isomorphic to the standard model of the algebra
Endyect (we[V]) along the map

(CV,xv) = (CV, xy)
o] = ul5S(vs0) [
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forv=wv, +v_ € V with vy € AL. Comparing with (11), we therefore
see that a vector v € V| considered as a basis element of (CV,*y),
acts on a basis element © € A_ of the oscillator representation w,[V]
by

(12) wl({z}) = ¢a(S(vy, ) + %S(% v)) {v- +a}

for v =v, +v_ with vy € AL,

In particular, note that in this model, [0] is the identity endomor-
phism of w[V], and the trace of a vector v € V considered as an
endomorphism in CV = Endyee (w,[V]) is

0, forv#0
tr((v]) = {]V! forv=0

where |V| denotes the set order of V.

2.2. Counting orbits. For the remainder of this section, we return to
the context of Howe duality for a reductive dual pair (Sp(V'), O(W, B))
in Sp(V ® W). We may apply the results of the above subsection
to this situation by considering V.= V@ W, S = S ® B (writing
S for V’s symplectic form), so that we have (Endyec(w[V @ W), 0) =
(CV@W,*yew). The operation is defined by acting on basis elements,
for vi,v9 €V, wi,wy € W, as

(V1 @ w1 *vew [v2 @ wa] =

(13) S(Ul,U2> . B(wl,wg)
o :

(and extending C-linearly). Since the ground space will remain V @ W

from now on, we omit the subscript from *. The relevant cases of GG

are Sp(V) and O(W, B), in which case the equivariant endomorphism
algebras on w[V ® W] can be expressed as

(14) (Endspy (W[V @ W]),0) = (CV @ W) )

) [v1 ® wy + vy ® wy

(15) (Endow,p)(w[V @ W]),0) = (CV ® WOW:B) L)

Now, the purpose of the present subsection is to calculate the dimen-
sions

dim(Endsyn (w[V © W])) = dim(CV & W),
dim(Endow,p)(w[V ® W])) = dim(CV ® WOW:B))
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by counting the number of orbits of Sp(V) on V@ W = V%" and the
number of orbits of O(W,B) on V @ W = W% in the case of the
symplectic and orthogonal stable range, respectively.

Lemma 3. Consider a symplectic space V' of dimension 2N and an
space with symmetric bilinear form (W, B) of dimension n with mazi-
mal dimension of an isotropic subspace denote by hyy.

(a) If (Sp(V),O(W, B)) for a reductive dual pair in the symplectic
stable range (i.e. n < N ), then

(16) dim((CVE)3(V)) = 2(g 4 1)...(¢" ' +1)

(b) If (Sp(V),O(W, B)) for a reductive dual pair in the orthogonal
stable range (i.e. 2N < hy ), then

(17) dim((CW OBy — (4 1) (2 +1) ... (¢*N +1)

Proof. We begin with the proof of Part (a). We write S for the sym-
plectic form on V. For (16), we need to compute the number of Sp(V)-
orbits on V@ W = V®" (with Sp(V) acting diagonally). First recall
that orbits of this Sp(V') action on n-tuples of vectors in V' correspond
to the data of

e A dxn matrix M over F, in reduced row echelon form for some
0<d<n.
e A choice of d(d — 1)/2 scalars a;; corresponding to each pair
of indices i < j € {1,...,d}.
Given this data, its corresponding Sp(V)-orbit is

vg) - M | vq,...,vq € V linearly independent,
for every i < j  S(v;,vj) = a;<;}

(18) {(v1,...,

(where (v1,...,v4) - M is computed by treating (vy,...,v4) asa 1 x d
matrix, so that the result is a 1 x n matrix of vectors in V, i.e. is an
element of V"), Now the symplectic stable range condition n < N
precisely ensures that every choice of data (M, a;<;) gives a non-empty
orbit (18), since (18) is non-empty if and only if

dim(V') > d + dim(Ker(S|w,,....00))

where S|, .., denotes the (possibly degenerate) symplectic form ob-
tained from restricting S to the span of vy, ..., v4.

Therefore, it suffices to count all choices of data (M, a;<;). Given M,
the number of choices of scalars (a;<;) is ¢*@~Y/2. Now the number of
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d X n matrices in reduced row echelon form is the Gaussian binomial
coefficient (Z)q (see (55)), giving

(19) dim(Endgp,vy (w[V @ W1)) = Z (Z) q@

d=0

To see the simplification to (16) elementarily, it is actually easier to
naively write down the number of reduced row echelon d x n matrices

as
n e (01 ool — Ad=1)
() o, e
q

1<l <-<lg<n

taking ¢; to be the length of each row from the left up to an including

the pivot, which leaves exactly dn— (¢1+- - -+44) — d(d;)
entries (the @ =14+2+---4(d—1) term arises from the entries

directly above a pivot being 0). Using this in (19) gives

un-determined

dim(EndSp(V) (CL)[V & W])) — Z qdn7(21+...+gd)

1<l < <lg<n

d n—1
= > JIe =1+,
1< <<ly<n i=1 =0

as claimed.

The proof of Part (b) follows similarly: As in the symplectic stable
range case, the orbits of O(W,B) on V @ W = W% correspond to
the data of

e A d x 2N matrix M over F, in reduced row echelon form for
some 0 < d < 2N.

e A choice of d(d + 1)/2 scalars a;<; corresponding to each pair
of indices i < j € {1,...,d}.

The orbit corresponding to (M, a;<;) is

(20) {(wy,...,wq) - M | wy,...,wy E‘W l‘inearly independent,
for every ¢t <j  B(w;, w;) = a;<;}
(again, treating (wq,...,wy) as a 1 x d matrix). As before, the or-
thogonal stable range condition precisely ensures that each set (20)
corresponding to any choice of (M, a;<;) is non-empty. (We note that
the cardinality of (20), like the orthogonal stable range condition, de-
pends on the form of B when n is even.) Therefore, by the above
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argument, we have

2N 2N d(d+1)
d
d=0 q
which can be simplified using the naive expression for (QCJIV )q to
dim(Endogw,p)(W[V @ W])) = ) /@O
1<l <<l <2N
d 2N
_ Z Hq2N+1—fi — H(qa +1),
1<0 < <ly<2N i=1 j=1
as claimed.

l

2.3. The top subalgebras. To continue examining the Sp(V)- and
O(W, B)-equivariant endomorphism algebras of w[V ® W], note that

(21) Resgpv)(w[V @ W) =2 we, [V] ® -+ @ Wa, [V]
where aq, ..., a, are the eigenvalues of B. Similarly, we may express
(22) Resouw, ) (w[V @ W]) = Resoaw,p) (w[F; @ W])N,

where we consider w[F2 ® W] to be the oscillator representation on I,
(with respect to the standard symplectic form) tensored with (W, B)
and we take its restriction along the inclusion

O(W, B) = SLy(F,) x O(W, B)

(writing SLy(Fy) = Sp(F7)). In fact, this restriction is actually isomor-
phic to the (twisted) vector representation of O(W, B)

(23) Resoqw,p) (w[F2 @ W]) = CW ™,

where — indicates the sign character of Z/2 = O(W, B)/SO(W, B),
(this can be seen by considering first the restriction of w[F. ® W] to
GL(W)).

Now to approach both the symplectic and orthogonal stable ranges,
we define the top subalgebras

Endgh, (w[V @ W) C Endgyv)(w[V @ W),

Endtgzow,B) (w[V @ W]) € Endomw,p)(w[V @ W),

consisting of endomorphisms of the restricted oscillator representations
(21) or (22) which do not factor through a lower degree tensor product
of factors of the form we[V] or Resoaw,s) (w[F2 ® W]) (respectively). In
the case of the symplectic stable range, in the language of Gurevich
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and Howe, Endg;iv) (w[V ® W) is precisely the endomorphism algebra
of the part of Resgyvy(w[V @ W]) with highest ®@-rank.

The purpose of the remaining two subsections in Section 2 is to prove
the following

Proposition 4. Suppose V is a symplectic space of dimension 2N and
W is an n-dimensional space with symmetric bilinear form B. Write
hw for the maximal dimension of an isotropic subspace of W with
respect to B.

(a) If (Sp(V),O(W, B)) is in the symplectic stable range, then
(24) CO(W, B) C Endg), (w[V @ W])

(b) If (Sp(V), O(W, B)) is in the orthogonal stable range, then
(25) CSp(V) C End{fy, ) (w[V © W),

In fact, in both cases, this group algebra will act on w[V @ W] precisely
according to the representation-theoretic action of the corresponding

factor of Sp(V') x O(W, B) C Sp(V @ W).

2.4. Generators of the orthogonal group. In this subsection, we
will prove Part (a) of Proposition 4, for (Sp(V'), O(W, B)) in the sym-
plectic stable range. The case is simpler since the orthogonal group has
a simpler set of generators that the symplectic group. Due to the com-
plexity of the generators of Sp(V') and their corresponding elements in
Endogw, ) (w[V ® W]) as the fixed point space CV @ WOW:B) e will
treat Part (b) separately in Subsection 2.5 below.

Proof of Proposition 4, Part (a). In the orthogonal group O(W, B), con-
sider the set of generators consisting of reflections across hyperspaces
orthogonal to each anisotropic line in W. We index the lines in W = Fy
by 1 x n matrices over F, in reduced row echelon form A = (Ay,..., \,)
(which we can also consider as vectors in W). In particular, we must

find an element of Endg‘;p(v) (w[V @ W]) representing the reflection gen-

erator of O(W, B) corresponding to each such A with B(A, A) # 0.
Let us consider, for A = (A1,...,\,) a 1 xn matrix over F, in reduced
row echelon form, the element

=) [ 0] =) v € CV e WY,

veV veV
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Lemma 5. For A = (Ay,..., \,) a 1 Xn matriz in reduced row echelon
form such that B(\,\) # 0, the element f\/q" is a reflection
(26) (/™) * (r/a"™) = [0] = Iduvew)

Proof. Suppose A is a 1 X n matrix in reduced row echelon form. Then,
applying (13), we can calculate

hrh=> ueM«pe=

quV

1)
> ot BAN, 4y g,

u,veV

which by substituting ' = u + v reduces to

A*fA—Z?/J 5, /\))[ ® Al

u,veV

Collecting terms, since B(A,A) # 0, for each non-zero u' € V, the
coefficient of [u’ ® A] is a linear sum of characters, giving 0. At u' = 0,

each v € V (of which we have ¢*V) contributes a term with coefficient
¥ (0) = 1. Hence,

boxfr=¢*N [0] e CV @ W)

giving (26).
U

Now we verify that these proposed generators fy/q" for A satisfying
B(A, A) # 0 really do act as the reflection elements of O(W, B) across
the orthogonal hyperspaces in W to each A. To see this we use (12)
to calculate the action of each f\/¢" on the oscillator representation
w[V @ W], considering its Schrodinger model CA_ ® W (corresponding
to decomposing V®@W into Lagrangians (A, @ W)@ (A_®@W) according
to a decomposition of V' into Lagrangians A, & A_).

Claim 1. Consider a A = (A1,...,\,) in reduced row echelon form
such that B(A\,\) # 0. For a vector Y . x; @ w; € A @ W, for
r; € A, w; € W, considering [>;_, x; ® w;] as a basis element of
wlVe@W]=CA_@W, the element f\/q" acts by

(28) fA Z:cz@wz _{sz w; IZ(("‘;“AA))A)}
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Proof of Claim 1. Fix a A in reduced row echelon form with B(\, \) #
0. Consider a basis element {} 7, z; ® w;} of CA_ @ W for z; € A_,
w; € W. Writing out f), we can apply (12) to calculate the output
H({D2_, ;i ® w;}), which upon being reduced can be re-written as

A Jziow}) =) e N{) zow}) =
(29) i:lr veV =1 ]
> w3 Bwwa+ 20N ) e at Y mow).

v EAL =1 i=1

Collecting terms, we see that if the coordinate ., B(, wi)xﬂ—B(;"A) v

appearing with v, in S is non-zero, then the total coefficient of the ba-
sis element {v_ @ A+ >, 2; ® w;} (which does not depend on v,) is
a linear sum of characters, canceling to 0. The only surviving term is
then for "', B(\, w;)x; + Mv_ = 0, meaning

2 T
_=— B(w;, \)x;.
BON ; (wi, N

Each of the ¢ choices of v, € A, contributes a term with coefficient
1(0) =1 for this case of the vector

T 2 ™ T
@A+ Y Q= “BO > Blwn, Nz @ A+ Y 2 @ w;.
! i=1 i=1

i=1

Reducing, we therefore obtain

fx({; z; @wi}) = ¢~ {; z; @ (w; — 2%)\)%

giving (28). O

Since these reflections generate O(W, B), this claim therefore implies
that for any ¢ € O(W, B), there is a corresponding element of the
endomorphism algebra acting on a basis element {> |, z; ® w;} €
CA_ @ W by

{Z T @ w;} — {Z z; @ op(w;)},

which is precisely its action as an element of O(W,B) C Sp(V) x
O(W,B) C Sp(V ® W). Therefore the subalgebra generated by the
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elements f) for A\ € W in reduced row echelon form such that B(\, \) #
0 is isomorphic to the group algebra

CO(W, B) C Endsyo (w[V @ W)

with each generating group element acting according to the geometric
representation action on w[V ® W]. In particular, every generating
element of O(W, B) is an automorphism of w[V' ® W], and therefore
cannot factor through any smaller tensor power of oscillator represen-
tations w,[V]. Hence, it is in the top part of the endomorphism algebra
and we have (24). O

Remark: One may ask what the significance of an element f, is for
A € W in reduced row echelon form such that B(A\,\) = 0. These
degenerate elements give idempotents precisely identifying lower tensor
powers of oscillator representations:

Proposition 6. Suppose A1, ..., \p € W are 1 x n matrices in reduced
row echelon form which are linearly independent and such that their
span (A1, ..., Ay C W is an isotropic subspace with respect to B. Then
/@Y are all commuting idempotents and

(Pt *

(30 P

) = Ressp(v) W[V @ W[=Fk]])
considering the restriction of w[V @ W|[—k|] to Sp(V') along the inclu-
sion

Sp(V) = Sp(V) x O(W|[—k], B[—k]) — Sp(V @ W[—k]).

Proof. First note that the calculation (27) still holds, but in the case
of B(A\,\) = 0, the coefficient of every term is trivial. Substituting
u' = u + v therefore gives

hoxh= Y WeoN=¢"h,

u' weV

Hence, for every A in reduced row echelon form with B(A,A) = 0,
£r/¢* is an idempotent.

Now for two vectors A, u € Fy considered as 1 Xn matrices in reduced
row echelon form, we have

o= Y oA @ -
u,veV

5 )@ A +v @ pl.

u, eV
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In particular, this immediately gives that for A, i such that (A, u) is
isotropic with respect to B, the endomorphisms f) and f, commute.

It remains to prove that (30) holds. Fix k& < hy. For simplicity,
without loss of generality, let us write

a 0 .. 0

1 0\% 2]6+1 A2k+2 0

(31) B= (0 _1> ® B[-k], B[-k|= : :
0 0 L. ay

(i.e. B is diagonal, and the first 2k diagonal entries are alternating
+1). Then (21) gives

Resgpv)(w[V @ W]) =
(WV] @ w1 [V])** @ Resgpv) (w[V @ W[—Fk]]).

Let us consider an individual w[V] ® w_1[V] factor, i.e. consider the

case of n = 2 and
1 0
B_<O_J.

In this case, A = (1,1) gives an idempotent

f(1,1)/Q2N = qQLN Z[(U, v)].

(32)

The only term of f(11)/¢*" contributing to its trace is v = 0, giving

dim(Im(fu1)/¢*")) = r(fan /) =1,

and hence Im(f1)/¢*") is the trivial representation of Sp(V') since
that is the only one-dimensional representation.

Now let us return to the general case of n and B of the form (31).
Consider the special case where \; is the n-tuple with all entries 0 except
for the (2 —1)th and 2ith which are put to be 1. Then as an element of
(32), each fy, is a tensor product of Id,yvjgw_,v] factors, except for the
ith one, which is replaced by a factor f(11) € Endgpvy(w[V]®@w_1[V]),
with Idygw—s). Therefore, we may consider

f>\ % oKk f)\
: Nk - = (f(171)>®k ® Idovew-a),

which then has image
194 ® Ressyv) @]V ® WI=]]) = Ressyr [V & W[-H]).

To get the statement in the general case of \q, ..., \x, note that the
images of idempotents (fy, x -+ % f,)/¢*V* for \; € W generating a
k-dimensional isotropic subspace are isomorphic, since any basis of any
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k-dimensional isotropic subspace can be transformed into any other
using an orthogonal group element, by Witt’s Theorem. Hence, all
images of such (fy, x---x fo,)/¢** are isomorphic. O

2.5. Generators of the symplectic group. The purpose of this sub-
section is to prove Proposition 4, Part (b), which we recall corresponds
to the case of a reductive dual pair (Sp(V),O(W, B)) in Sp(V @ W)
which is in the orthogonal stable range.

Proof of Proposition 4, Part (b). We will use the same method as in
the proof of Part (a), finding elements of CV @ WOW:B) which act on
w[V ® W] as the generators of Sp(V).

We will again use the Schrodinger model of w[V @ W] = CA_ @ W,
corresponding to a decomposition of V' ® W into Lagrangians (A ®
W)@ (A_ ® W) obtained from a decomposition of V' into Lagrangians
A, @& A_. Further, let us fix bases €], ..., ey and €], ..., ey of the La-
grangians A, A_ such that the matrix corresponding to the symplectic

form S with respect to the basis ef, ..., ek, el,..., ey of Vis

0 I
-1 0/)°
Then, writing an element of V@ W = W®N as (2, 27,..., 2%, 2y)

for 25 € W = F,{e} ® W, and an element of A_ ®@ W = W&V as
(u,...,un) for u; € W =F {e; } ® W, the action (12) is rewritten as

[(Zi,Z{,...,Z?{,,Z&) K{ (ula'--7uN> }) =
33 N ot
(%) w(ZB(zj,uiHB(’T”)){(u1+z1,...,uN+zN)}

This expression will allow us to pick elements of CV @ W W:5) designed
to act as generators of Sp(V).

Let us first consider dim(V') = 2. On the one hand, in this case, (33)

gives
B(zt,z7)

(34) [z 27) J({u}) = o(B(z"u) + ———) {u+ 27}

On the other hand, let us consider the action of the matrices in SLy(F,)
on the Schrédinger model of w[F 2 ®@ W], which as a vector space, is CIV.

The matrices
0 1 10
-1 0/’ s 1
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act on w[F2 @ W] = CW by transforming a basis element corresponding
to a vector u € W by

(3) {ubr ¢ n/gzw D {wh,  {u} = (5B w) {u}

(0 1)

corresponding to t € F act on w[F2 ® W] = CW by transforming a
basis element corresponding to u € W by

(36) {u} — €,(t) {tu}.

respectively. The matrices

Returning to the action of the algebra Endow,s)(w[F: @ W]) =
(CF? @ WOW-B) &) on the oscillator representation, let us pick en-
domorphism elements

_ Eq
9t = n/2

[(2,t2)] € CF: ® JWomw.B)

zeW

corresponding to each ¢ € F. According to (34), these endomorphisms
act on the basis element of the Schrodinger model w[Fz ® W] = CW
corresponding to a vector u € W by

g:({u}) =

e > (B + Blata) (u+ £

( zeW

which, replacing w = u + tz, can be simpliﬁed to

qgm Z SBEE w) fw) =

wGW

(B(—7.w) {v}.

n/2
weW
By comparing with the oscillator representation actions of the SLo(F,)
elements given in (35) and (36), we therefore can identify that each g,
is precisely the endomorphism corresponding to the group action of the
matrix

(37) (2}25 (1)> (—01 é) (%t g) - (—g/t ;)

on w[W ® V] (note that €,(t) = €,(1/t)). Since the matrices (37) gen-
erate SLy(FF,), we have therefore identified a subalgebra CSLy(F,) C
Endow,s)(w[F; ® W]), which must lie in the top part, since every



22 SOPHIE KRIZ

group element acts representation theoretically, and in particular, cor-
responds to an automorphism and cannot factor through the lower
(degree 0) tensor power 1 = w[F? @ W],

Now consider the case of a general V', dim(V') = 2N. We may find
endomorphism algebra elements analogous to the g; generating each
subgroup SLy(F,) corresponding to a choice of isotropic 1-dimensional
subspace of V. These elements generate the full symplectic group
Sp(V), and therefore we have identified a subalgebra

(38) CSp(V) € Endow,p)(w[V @ W]).

Again, since these endomorphisms encode the representation action of
Sp(V) € Sp(W ® V') on the oscillator representation w[V ® W] and
are, in particular, automorphisms, they are inexpressible as composi-
tions factoring through a lower degree tensor power of Resow,p) (w[IFg@
W1) =2 CW~. Hence, (38) in fact sits in the top part Endg’fW’B) (w[V &

O

Remark: The reason why we use the matrices (37) instead of a more
common set of generators of SLy(IF,), such as (39), is because their
corresponding elements g, of CF2 @ WOW-5) are fairly simple to write
down. While not directly necessary to the logic of the proof of Propo-
sition 4, it may still be instructive to write down the explicit formulas
for the elements of Endggjw,B) (w[F?®W]) which act on the Schrodinger

model of w[F2 ® W] as the matrices

o () (e

fort,s € F.

These expressions involve quadratic sums of characters, whose cal-
culation we recall now. We continue to write 1 for the fixed additive
character of IF, defining w[Fg ® W]. Let us write ¢ = p* for p an odd
prime, and ¢ € N. We denote the quadratic characters of F, and I, by

& Fp = {1}, e Fr— {£1},

respectively, which we extend by putting €,(0) = ¢,(0) = 0. Denoting
the norm of the field extension by Ng /r, : F' — F; and the trace by
Trp, /p,, we have

(40) 6}7 o N]Fq/Fp = Eq.
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We may re-write the classical quadratic Gauss sum as

(41) er ™ = Z (1+ ep(m))e%m = Z ep(m)eg;”m

nel, melFy, mekF,

(since the linear sum of characters is 0, and for each m € F,, there are
exactly 1+ €,(m) elements in F, whose square is m). It is well-known
that

(42) ST = e(a)y/ep(—1)p.

The same argument as (41) can also be applied to calculate
D wlat) = 30 e = 3 eyfy)e T I,
x€Fq z€Fy y€lq

Applying the Hasse-Davenport relation to (42), this reduces to

1) 0 (- ) S w(e?) = (-1 fe (-

z€Fy
For c € F, we have
> vlea?) = ele) Y vl
z€F, z€Fq
which, combined with (43), gives

Z Y(cB(u,u)) = €,(c" det(B Z U(x

ueW €l
(=)™ disc(B) e,(c)" (e4(—1) )™/,
writing disc(B) = ¢,(det(B)) for the discriminant of B. We denote the

constants by
= cB(u,u)) =
m uezvsz( (u,u))
(=)™ Ddisc(B) e,(c)™ (e,(—1) q)™/2.

Proposition 7. Suppose we are given an orthogonal space (W, B) such
that (SLa(F,), O(W, B)) forms a reductive dual pair in the orthogonal
stable range.

(a) Fort# 1€ Fy, the matriz

(é 1%) € SLy(IF,)
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acting on the Schrodinger model of w[]Fg ® W] corresponds to
the element

= Sy L B ) ()]

"y 2(t—1)

of the endomorphism algebra, modeled as (CF; ® WOW:B) &y,

(b) The matriz
0 1
(_1 0) € SLy(F,)

acting on the Schrodinger model of w[]Fg ® W] corresponds to
the element

- 1 By*,y")+ By ,y7) Lo
B.—WWWZGW@Z)( 1 )[(y 7y)]

of the endomorphism algebra, modeled as (CFZ @ WOW-5) ).

(c) For s € FY, the advection matriz

<i ‘1)) € SLy(F,)

acting on the Schrdodinger model of w[FZ ® W] corresponds to
the element

= e Sy [ 0))

(2_5) zeEW

of the endomorphism algebra, modeled as (CF2 @ WOW-B) ).

Proof of Proposition 7. Fix a vector u € W considered as a basis ele-
ment of the Schrodinger model w[]Fg ® W] = CW. To prove each part,
it suffices to verify the given endomorphism algebra element acts on
{u} the same as the proposed corresponding matrix, according to (35)
and (36).

We begin with the proof of (a): For t € F

4> We can calculate the
following:

a({u}) =

. U S (G g BT )+ Bl ) =

Wl S~ Byt - )

t—1
yty—ew




25

The sum runs over arbitrary choices of y*, meaning that for fixed
u € W and chosen y~ € W, the coefficient sum

(46) 3 W(Byt, — L )

ytew

of the vector {y~ + u} is a linear sum of characters, and is therefore
0, unless u =y~ /(t — 1), in which case (46) is ¢", since each choice of
y+t € W (of which there are ¢V contributes 1(0) = 1. Hence, the only
contributing choice of y~ is y~ = (t — 1)u. Therefore, (45) simplifies as

ou({u}) = eq<t>j—: {(t = D+ u} = (t) {tu},

agreeing with the action (36) of the proposed matrix on the oscillator
representation.

Now we prove (b): For u € W, at each choice of y*,y~ € W,
applying the corresponding term of the sum in 3 (disregarding the
coefficient, for now) gives

Bly"y )+ By ,y) -
o ! [ y) () =

5 (B(y+,y+)+2B(yl,y‘)+B(y‘,y‘) +B(y+’u)) (- +u) =

o (B ) B0 ) 0+,

Therefore, we have
B{u}) =
(47) K(l)(l_q)n/? Z (G <B(y+ ;— y_, ? —;—y_) + B(yﬂu)) {y~ +u}.

yty—ew

Renaming variables using z = y~ + u, we may rewrite this as

49 raregn o ¢ (B T e ) G

yt,zeW

Now we may also notice that

+ +

yT+z—u Yyt +z—u

yT+z+u yTHz+u
2 ’ 2

B(

B( )_B(Z7u)>
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allowing us to rewrite (48) as

1 T4z4u yt+z+u
w2 v (B T B ) ()

zytew

Renaming variables using w = (y* + z + u) /2 gives

1
R L VB v(-Ble) ),

z,weW

which, applying (44), reduces to

B({u}) = s 2 V=Bleu) {2}

zeW

which matches precisely the action of the proposed matrix according
o (35).

Finally, we prove (c): For u e W, s € Fy,

s({u}) =
(49) zEW

[ (2,0) J({u}) =

+ B(z,u)) {u}.

Now we may notice that

B(z,u) — @ = —%(—23 B(z,u) + B(z,2)) =
—% (B(su— z,su — z) — s* B(u,u)) =
—%B(su —z,8u—2)+ gB(u,u).

Therefore, substituting w = su — z, we can rewrite (49) as

60)  lleh) = = 2 vl ) wCBw.w) fu),

5 weWw

which by the definition (44) of the constants K then reduces to

7({u}) = ¥(5 Blu.w)) {u},

agreeing precisely with the action of the proposed matrix according to

(35).

O
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It may also be instructive to compute some examples of x applied to
these elements, and see how it recovers matrix multiplication (especially
to see the relationship between g, o, 5, and 72/,). We do an example
of such a computation in the Appendix.

3. COMBINATORICS

In the previous section, we were able to identify the group algebra
of the orthogonal group O(W, B) (resp. the symplectic group Sp(V))
in the top part of the Sp(V)-equivariant (resp. O(W, B)-equivariant)
endomorphism algebra of w[V ® W], for a dual pair (Sp(V'), O(W, B))
in the symplectic (resp. orthogonal) stable range. Further, we note
that what we consider to be the “lower” part of the endomorphism
algebra of w[V ® W] consists of maps factoring through a lower tensor
power of w[V] (i.e. the restriction of w[V @ W[—/]] to Sp(V) for some
0 < ¢ < hy) in the case of the symplectic stable range, or through a
lower tensor power of CW~ (i.e. the restriction of w[V[—¢] ® W] to
O(W, B) for 0 < ¢ < dim(V')/2) in the case of the orthogonal stable
range. This suggests that by proceeding inductively, fixing a choice
of V' and increasing the dimension of (W, B) within the symplectic
stable range condition (resp. fixing a choice of (W, B) and increasing
the dimension of V' within the orthogonal stable range condition), we
should be able to prove the proposed sum of matrix algebras in Part (A)
(resp. Part (B)) of Theorem 2 is a subalgebra of Endgp)(w[V @ W])
(resp. Endogw,p)(w[V ® W])), with the top part corresponding to the
k = 0 summand.

However, to complete this induction and prove that the proposed
sum of matrix algebras in Parts (A), (B) match the claimed endomor-
phism algebras of w[V ® W1, we will use some combinatorial identities
about the relationship between w[V @ W] and lower w[V @ W[—/] (resp.
w[V[—€]®@W]) for the symplectic (resp. orthogonal) stable statements.
We will also see that the dimensions of the endomorphism algebras of
the restricted oscillator representations match the dimensions of their
claimed decompositions into matrix algebras of group algebras. Setting
up these results is the purpose of this section.
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The combinatorial result we need can be stated as the following:

Proposition 8. Consider a reductive dual pair (Sp(V'), O(W, B)).
(1) If (Sp(V'), O(W, B)) is in the symplectic stable range, then for
every choice of 0 < £ < hy,

chm(Homsp VW[V @W[-L)],w]V e W])) =

hw — Z
F 5 R R OEE A ok, k- 1)

(2) If (Sp(V ), O(VV7 B)) is a reductive dual pair in the orthogonal
stable range, then for every choice of 0 < ¢ < dim(V')/2

dim(Homow,p) (w[V[—f] @ W],w]V @ W])) =

5 dim(V)/2 —¢
(52) Z |S]|D](3 [ ﬁ])l ||Sp$/£|)| ISp(V]—k — 1])|.
k=0 k kbt

In particular, in the case of ¢ = 0, this statement reduces to the fol-
lowing

Corollary 1. Consider a reductive dual pair (Sp(V'), O(W, B)).
(1) If (Sp(V'), O(W, B)) is in the symplectic stable range, then
dim(Endgp ) (w[V @ W) =

(53) S
> 10(W, B)/ PP |O(W[~k], B[~k])]
k=0
(2) If (Sp(V),O(W, B)) is in the orthogonal stable range, then
dim(Endo w,p)(W[V @ W])) =

54 dim(V.
oY Z \Sp )/ PP 1Sp(V[—k])]

This directly verifies that the dimensions of Endgp,, (w[V ® W]) and
Endoow,p)(w[V ® W]) match the dimensions of the sums of matrix
algebras proposed in Parts (A) and (B) of Theorem 2, in the case of
the corresponding stable range.

The proof of Proposition 8 is the purpose of the remainder of this
section. In Subsection 3.1, we state a combinatorial lemma on Gaussian
binomial coefficients and use it to derive Proposition 8. In Subsection
3.2, we prove the lemma.
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3.1. A key lemma. Let us write (), = ¢" + 1. Recall the Gaussian
binomial coefficients

a\  (¢"—1D)(¢" P —1)... (¢ — 1)
(55) R e CE T

The purpose of this section is to prove the following

Lemma 9. For every p € Ny, for every r > b € Ny,

min(p,r—b+1) p r
) Mew= > e (7)) Tu-v e

4 i=p—a+l j=b+a

Assume Lemma 9 holds.

Proof of Proposition 8. Fix a symplectic space V and an orthogonal
space (W, B). We write dim(V) = 2N, dim(W) = n.

First, let us process the left hand sides of (51) and (52). Recalling
(21) and that the tensor product of an oscillator representation with
its dual oscillator representation is the permutation representation, for
0 </?< hy, we get

Ressp(v) (@ [V ® W]) = Ressp(v) (w[V ® W[-(]]) @ (CV)**
Therefore, for 0 < ¢ < hy, we have
Homgpv) (w[V @ W[=]], w[V @ W]) = Homg,vy (1, CVE"9)
Similarly, recalling (22) and (23), for 0 < ¢ < N, we have
Homow,s) (w[V[~0] @ W],w[V @ W]) = Homow,g) (1, CW* ).

Therefore, by Lemma 3, in the case of the symplectic stable range, we
may rewrite the left hand side of (51) as

n—~—1
(57) dim(Homgy ) (w[V @ W[—{,w[Ve W) =2 [] Q.

and, in the case of the orthogonal stable range, we may rewrite the left
hand side of (52) as

2N—¢

(58) dim(Homo . gy (W[V[—4] @ W], w[V @ W) H Q.

In particular, also note that (58) is precisely half of (57) in the case of
n=2N + 1.
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To reduce the right hand sides of (51) and (52), we need expres-
sions for the group orders of finite orthogonal groups, finite symplectic
groups, and their parabolic quotients. First, recall that

m

[Oama(Fy)| = 24" [ [ (¢ = 1)
(59 08,8 = 2 a" 7 1) [[ @ ~ 1)

[SPow (o)l = |02n41(Fo)l/2 = ¢™ ] = 1)

i=1

(recalling the notation that for n = 2m even, Oy, (F,) denotes the or-
thogonal group O(W, B) when hy = m and Oy, (F,) denotes O(W, B)
when hy =m — 1).

We also recall that one can compute the orders of the parabolic
quotients of orthogonal and symplectic groups as the prime to ¢ part
of the order of O(W, B) or Sp(V') divided by prime to ¢ part of the
order of the Levi subgroup corresponding to the parabolic. In the
case of odd orthogonal groups dim(W) = n = 2m + 1, writing P!
for the maximal parabolic corresponding to a k-dimensional isotropic
subspace,

m

- (¢ —1)
) el oeeie () ] e
I -1 !

In the case of even orthogonal groups dim(W) = 2m, O(W,B) =
O% .(F,), writing P.™* for the maximal parabolic corresponding to
a k-dimensional isotropic subspace,

m—1
N (" F0" " F) ] @ -1
61 ’OZm (FQ) ’ _ i=m—k+1
k
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We can again re-write this in terms of binomial coefficients as

05.(F)]  (m\ T7
et = (1), ILe
0pu(F)l  (m—1\ %
P ‘( K ) II o

4 j=m—k+1

(62)

The symplectic group formula can be similarly computed, and since
1SPan (Fy)| = [SOan11(Fy)[, we have

[SPan(F)/ P | = [Oana (Fg) /P

(where P2V on the left hand side denotes the parabolic in Sp,y(F,)
corresponding to a k-dimensional isotropic subspace, while P,?N 1 on
the right hand side denotes the parabolic in Ogn41(F,) corresponding
to a k-dimensional isotropic subspace). In particular, combined with
(59), this allows us to rewrite the right hand side of (52) entirely in
terms of orders of odd orthogonal groups and their parabolic quotients.
In fact, we find that this right hand side of (52) is precisely half of the
right hand side of (51) at n = 2N + 1. Since we observed the same
effect for the left hand side above, we therefore find that (52) is, as an
expression, exactly (51) at n = 2N + 1 (in which case N = hy, giving
the same range of ¢), multiplied by 1/2. Thus, it suffices to prove Part
(1) of the proposition.

Case 1: n is odd. Let us write n = 2m + 1, in which case m must be
the number of hyperbolics hy in B. In this case, for k =0,...,m — ¢,
we use the Gaussian binomial coefficient form of (60) to write

OW,B)| ([ m =
[P, _(/Hf) Il e

q j=m—k—{+1
and the form of (60) as a fraction to write

m—~_

(qi - 1)Qi
OW[-€], B[-{])| _ i:m:—l;[—é—i-l

P :

| J ([C))

=1
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(factoring each ¢ — 1 in the numerator as (¢’ —1)Q;). Applying (59),
again factoring each ¢* — 1 as (¢' — 1)Q;, we also can write

Ok — 0, Bk — )] =2+ [ (¢ - 1)Q

=1

Replacing each factor of the right hand side of (51) according to the
above formulas and re-writing the left hand side of (51) according to
(57), the claim of the proposition therefore has been reduced to

Dividing both sides of this equation by 2Q); ... Q,,_¢s, We see that it is
equivalent to the statement

m m—~{ m—~
=i (7)) M- 11 @
i=1 k=0 a4 i=k+1 j=m—k—+1

Replacing (k”je)q = (mff% z)q= this is precisely the claim of Lemma 9 by
putting r =m, p=m — ¢, b = 1 and substituting a = m — k — /.

Case 2: n is even. Let us write n = 2m.
Case 2A: Suppose B decomposes completely into hyperbolics, i.e.
hw = m. In this case, for k =0,...,m — £, we apply the split case of

(62) to write
oW, B)| < m > ﬁ
Q-
’ k+€ 4 j=m—k—{

vl

Factoring each ¢? — 1 appearing in the numerator of the split case of
(61) (and shifting indices), we can also write

H 2+1 )
'L

[OWI[=4), BI=)| _ i=m—k—t

[P k
H ¢ —1)
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Finally, again factoring each ¢* — 1 (and shifting indices), we can also
re-write the group order corresponding to the split case of (59) as

O(W[—k — €], B—k — £])| = 2¢2(" 2 ) (gm*~* 1 H

Now by re-writing the right hand side of (51) according to the above
formulas and re-writing the left hand side of (51) according to (57), we
can reduce the claim of the proposition in this case to the equation

2m—~L—1
2I_IQZ qu _QH(kJre) P i':1

Dividing both sides of the above expression by 2Q,,_,—1 ... @1, we find
that it is equivalent to

m—1 m—~ m—~{ m—1
H Qm—t1i = Z q2(m72k4) (kTZ g) H ¢ —1) H Qj-
=0 k=0 4 i=k+1 j=m—k—{

Rewriting (kﬁz)q = (mj/?;—e)qv this is precisely the claim of Lemma 9
applied tor =m—1, p=m—/, b = 0, after substituting a = m—k—/.

Case 2B: Suppose B has a non-trivial anisotropic part, i.e. hy =
m — 1. In this case, for k = 0,...,m — 1 — ¢, we apply the non-split
case of (62) to write

oW, B)| <m _ 1) ﬁ
_ Q.
| +€| k + E 4 j=m—k—(+1

Factoring each ¢? —1 (and shifting indices), we re-express the non-split
case of (61) as
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Finally, again by factoring each ¢* —1 (and shifting indices), we express
the group order corresponding to the non-split case of (59) as
m—k—0—1

OW [k =€), Bl—k — 0))| = 2" ) Qs H (¢~ 1)Q

For a final time, by rewriting the right hand side of (51) according to
the above formulas and rewriting the left hand side of (51) according
o (57), we can claim of the proposition in this case to the equation

m—_L—1
2m—~£—1 m—~—1 QmﬁH q_l m

o 2 =1 )
2[o- 5 (L) I;Iz?f
. [[a-1 7"

i=1

Similarly as in the previous cases, we may divide both sides of the
above expression by 2Q),,_¢...Q1, giving

m—_{—1 m—~_{—1 m
HQH—le— Z q El (k—;;)q H(qi—l) H Qj-

i=k+1 j=m—k—t+1

Rewriting (’Z;g )q = (m_”}gj_l)q, this statement is precisely the claim
of Lemma 9 applied tor =m, p=m — ¢ — 1, b = 2, after substituting
a=m-—k—{0(—1.

O

3.2. The proof of Lemma 9. The proof of Lemma 9 proceeds by
induction. The argument is perhaps slightly unusual due to the fact
that our formula does not reduce well at ¢ — 1 and is therefore not a
“quantization” of a classical formula.

Proof of Lemma 9. To prove (56), we begin by rewriting

(63) H Qi+p H Qz + Z Qerk Qk H Qy "+p H Qy

i=b j=k+1

Now, for each b < k < r, we have Qpr — Qr = ¢"(¢? — 1), so we may
rewrite (63) as

(64) HQi+p HQH‘ZQ ¢’ —1) HQ]+IJ H Q;-
i=b

j=k+1

Our goal is now to process each term of the right hand side of (64)
to convert, step by step, the highest appearing )1, factor into the
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next smallest (); not yet appearing. In the statement of Lemma 9, all
terms consist of multiples of products of the form

Qr@rfl cee Qb+a+1Qb+a7

so we cannot skip any );’s in the process. We make the following

Claim 2. For each choice of b < k < r, we have

k—1 r
-1 [1Qm [T @ =
7=

Jj=k+1
(65) k—b+1 p r
Z ( Z q€1+-"+€a> H (qz . 1) H Qj'
a=1 at+b—1<01<--<ly=k i=p—a+1 j=b+a

Proof of Claim 2. We will proceed inductively, step by step, converting
each factor ();.4, in a term of the previous step’s reduction of (65),
starting with the largest appearing j’, into a sum of the next lower Q;
not yet appearing, with the appropriate error term of ¢/ multiplied by
a factor (¢/*7=9 — 1). This process will terminate in k — b steps (we
are already done when k = b).

The induction hypothesis is that after n steps, we will have reduced
(65) to

(66) z( 5 q) MT@-v o I

a=1 \a—n+k—1<0 < <ly=k i=p—a+1 j'=b j=k—n+a

Let us describe the first step of this process for (65). The largest
appearing j' is ;' = k — 1. The next lower ); factor not yet appearing
is for j = k. Therefore, this step uses the replacement

Qr11p=Qr + (" = 1).

This gives
k—2 r
=D ][ Q@+
5'=b j=k

k—2 r
-0 =) [[ @ [ @
j’=b

j=k+1

which is precisely (66) at Step n = 1.
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Suppose (66) holds at Step n. We now need to perform Step (n+1).
For 1 < a < n+ 1, consider the corresponding term of (66) at Step n.
The highest occurring @4, is at j' = k —n — 1. The next lower Q;
factor not yet appearing is for j = k — (n + 1) + a. Therefore, in this
term, we must use the replacement

Qk-n-11p = Q—(us1y4a +¢" TV — ).

This replaces the term of (66) at Step n corresponding to a by

k—n—2
< > q“*"'““) Hq -1) H Qjr+p H Q;+

a—n+k—1<0 < <Llo=k i=p—a+1 Jj=k—(n+1)+a
(67)
k—n—2
v
—|—< g g G>Hq_1HQ3+p HQJ
a—n+k—1=4y<l1 < <La=k i=p—a j=k—n+a

These terms appear in the (n+ 1)th inductive step; the first one occurs
in the expression (66) with n replaced by n 4+ 1 with no re-indexing
of a or /;, and the second one occurs after replacing a by a + 1 and
shifting fo < -+ < l, to {1 < -+ < l4yq. Therefore, we may proceed
inductively, and at Step n = k — b, we obtain the reduction (65).

O

In particular, we note that the claim implies for every b < k <r,

Zq C] _1 H QgHQJ—i—p

Jj=k+1
k—b+1 D r
e++éa i
> > ¢" II «@-v]] @
a=1 a+b—1<01 <<l <k i=p—a+1 j=b+a

Applying this in the case of k = r and combining with (64), we obtain

r r—b+1 P r
HQH—p _ Z ( Z qé1+--.+éa> H (¢" — 1) H Q;
i=b a=0 a+b—1<01<---<t,<r i=p—a+1 j=b+a

(note that the a = 0 term arises from the single term @, ...Q, in
(64)). If r —b+ 1 > p, we also note that for terms of the above sum
corresponding to a > p, the product []7_ . i1 (g — 1) will contain a 0
factor corresponding to ¢ = 0, and therefore vanish. Hence, the above
expression for [[i_; Qi1+, can be reduced to

min(p,r—b+1) p T
(68) Z < Z q€1+~.-+€a> H (qz_l) H Qj-

a=0 a+b—1<b1 <<l <r i=p—a+1 j=b+a
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Finally, by the Gaussian binomial coefficient theorem, we can re-express
the coefficients

Z q€1+--~+€a _ qa(a+b—1) Z qé1+~~~+éq _

atb—1<0 <o <Ly <r 0<l < <lg<r—a—b+1

qa(a+b71) (T —b+ 1) -
a q

Plugging this into (68) gives (56).

4. THE PROOF OF THEOREM 2

In this section, we conclude the proof of Theorem 2 using an induc-
tive argument that proceeds completely similarly in both stable ranges.

Proof. We begin with Part (A). Fixing a symplectic space V', we pro-
ceed by induction on hy (corresponding to (W, B) within the sym-
plectic stable range). Suppose the Sp(V')-equivariant endomorphism
algebra of w[V ® W] decomposes as claimed for every choice of (W, B)
with hy < m. Now consider a choice of (W, B) with hy = m.

For every 1 < ¢ < m, the induction hypothesis applies to w[V ®
W[—/]]. Write, for 1 </ <m,

Zy = @ Myi-g,5-0(P) ® p
pEO(W [~4], B[-{])

as an Sp(V') x O(W[—¢], B[—/])-representation. The induction hypoth-
esis gives that

CO(W([=4), B[={]) = Endspvy(Ze) = Endghy (w[V @ W[={]]),

and
hyt,
|, B[—¢
Resspqv) (w[V © W[- @ |PB[ e‘[ ])|ReSSp(V)(Zk+£)
k=0

(where the coefficient denotes a sum of copies).

First, we claim that as Sp(V)-representations, a sum of |O(W, B)/PP|
copies of Resg,y(Z;) appears in Resgpv)(w[V ® W]). Now this holds
since by the induction hypothesis, we have

Homsp(v) (C«J[V & W[_g]]a W[V ® W]) =
(69) héé (], B[-1))|

E]|

Homsp(v)(Zk+g, w[V & W])
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(again, where the coefficient denotes a sum of copies). Applying Propo-
sition 8, the dimension of the left hand side of (69) can be re-expressed
as

= |PB[ “r Bkl

giving a linear system of equations for the dimensions of the Hom-

spaces Homgp, vy (Zj4e, w[V ® W) whose only solution is

O(W, B)
|7

This gives the claim since this Hom-space is a free module over the

endomorphism algebra Endg,(Z;) = CO(W|[—k|, B[—k]), and we
can consider

dim(Homgyr (Ze,wlV © W) = 20 B jo 4w (), Bk,

Homgpvyxow [k, Bl—k) (Zk, w[V @ W1).
Since we have
(70) ReSSp(V)XO(W[_kLB[_kD(W[V (029 W]) = w[V & W[—/{?H & (CV)®k,

where O(W[—k|, B[—k]) acts trivially on the CV factors, the action of
O(W|[—k], B|—k]) on each copy of Z is preserved and therefore, Zj
occurs as a summand of (73) with multiplicity |O(W, B)/PE|. Now,
since we know that

Resary (v, (w]V ® W]) = (CFY) ® e(det),

we get, by adjunction, summands

hw
@ @ 771‘4//[,@,3[%] (p) ® Indp]? (p ® e(det)),
k=1 ,cO(W[—k],B|—K])

as in the claimed expression (7). From the perspective of endomor-
phism algebras, we have

hw
@ Miow,)pe|(COW[—k], B[—k])) € Endsp) (w[V @ W]),
k=1

all occurring independently from the top part, since they specifically

all arise from terms appearing in Endg, ) (w[V @ W[—k]]). Combining
with Proposition 4 gives the £ = 0 term as well:

hw

D Mowesy i (COMW[=], BI-H])) € Endsyqr @[V © W]).
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This must be an equality, however, since the dimensions match by
Corollary 1. Therefore, we have exactly enough room for w[V ® W] to
decompose as (71) plus a sum of the form

B sk @e

peO(W,B)

for new irreducible Sp(V')-representations 7y, 5(p) not isomorphic to
the output of any lower eta correspondence nt‘//v[—k], Bk (We know
each of these new ny; z(p) is non-zero since this is the only possible
way to obtain the full group algebra CO(W, B) in the top part of the
endomorphism algebra.)

Similarly, to prove Part (B), we fix (W, B) and proceed by induc-
tion on N = dim(V)/2. Suppose the claimed decomposition of the
O(W, B)-equivariant endomorphism algebra of w[V @ W] holds for ev-
ery symplectic space V' of dimension 2M with M < N. Now consider
a symplectic space V' of dimension 2.

For every 1 < ¢ < N, the induction hypothesis applies to w[V[—{] ®
W1]. Write, for 1 </ < N,

Y, = @ p& C\‘;V[’_Be} (p)

—

p€SP(V[-¢])

as an Sp(V[—{]) x O(W, B)-representation. The induction hypothesis
gives that

CSp(V[{]) = Endoqw;5)(Y2) = End(fyy, g (w[V -] @ W),

and
" Sp(V-4)]
ReSO(WB) (CU[V[_g] X W]) = @ WRGSO(VV’B) (Yk+g>.
k=0 k

Again, we begin by arguing that as O(W, B)-representations, a sum of
ISp(V')/P)'| copies of Resow,p)(Yz) appears in Resoaw,p)(w[V @ W]),
which holds by applying the induction hypothesis to get

Homo gy, p)(w[V [~ @ W], w[V @ W]) =

hyw —¢
(72) @ wHomo(W,B)(Yk%; wlV @ W]).
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Applying Proposition 8, the dimension of the left hand side of (72) can
be re-expressed as

h l
— [Sp(V[-4)| |Sp(V)]
; |pV[ g]| e ISp(V[—k — €])]

giving a linear system of equations for the dimensions of the Hom-
spaces Homow, gy (Yite, w[V ® W) whose only solution is

din(Homogw(YioslV WD) = SE isp(vi-op).

We then obtain the claim since this Hom-space is a free module over
the endomorphism algebra Endoww,p)(Yx) = CSp(V[—k]), and we can
consider

HomSp(V[—k])XO(VV,B)<Yk7 w[V & W])
Since we have

(73) ReSSp(V[fk])XO(W,B) (w[V ® W]) = OJ[V[—]{?] ® W] ® (CW)®k,

where Sp(V [—k]) acts trivially on the CW factors, the action of Sp(V[—k])
on each copy of Y}, is preserved and therefore, Y) occurs as a summand
of (73) with mutliplicity [Sp(V)/PY|. Again, by adjunction, we get
summands

N

(74) D D Indprlp®e(det)) @ (rlylo).
k=1 pesp(V[—k])

as in the claimed expression (8). From the perspective of endomor-
phism algebras, we have

@ Mispvyypy | (CSp(V[=£])) € Endogw,s)(w[V @ W),
all occurring independently from the top part, since they specifically
all arise from terms appearing in Endow,p)(w[V [—k]@ W]). As before,
combining with Proposition 4 gives that, in fact,

D Misp(vyny (CSp(V[=K])) € Endogw.(w[V @ W)
This must be an equality, again, since the dimensions match by Corol-
lary 1. Finally, then, we have exactly enough room for w[V ® W] to
decompose as (74) plus a sum of the form

B red ),

peSP(V)
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for new irreducible O(W, B)-representations ¢;""”(p) not isomorphic to
the output of any lower zeta correspondence C“;V[’i]. (We know each of

these new C‘I;V B (p) is non-zero since this is the only possible way to ob-
tain the full group algebra CSp(V) in the top part of the endomorphism
algebra.)

O

APPENDIX A. AN ExprrLicIT COMPOSITION COMPUTATION

Fix t € Fy. In this appendix, we return to the context of 2-
dimensional symplectic spaces, and verify a relation between the en-
domorphisms of the oscillator representation implied by their corre-
spondence with elements of the group algebra CSLy(F,). Fix a scalar
t € F;y. We have the following relation of matrices

(e 5) (62 = ) (5o)

in SLy(F,). The purpose of this appendix is to complete the calculation
that the corresponding relation

(75) Ge* = Yoy x5
holds in Endow,s) (w[F2 @ W]) :2(@193 ® WOWB) 4.
The composition g; x oy is - e®)?

1
n(_q)n/2 - qn(_q)
choices of y*,y~, 2z € W of terms

tB(z,2) t+1

1) (S g B ) () T L))

-7z times the sum over all

Writing out

[t )¢ ) | = p( P IBEY)

each term (76) can be simplified to the pair of vector [ (y*+z,tz+y~) |
multiplied by the coefficient
tB(z, z) t+1 B(z,y~) tB(z,y")

¢( 9 - 2<t_1>B(y+7yi)+ 2 - 2 )

) (z+ytz+y7) ],

By considering
t+1 1 t t t

_ - - —— = —t,

200—1) 2 t—1 22
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this can be rewritten as
w(B(yJr +2,y” +tz) tBy .y +(t—1)2)
2 t—1
Substituting u = y* 4+ 2z, v =y~ + tz gives
B(u,v) tB(u—zv—2)

).

V(=5 P ).
Therefore, we have reduced g; x oy to
1 B(u,v) tB(u—2z,v—2)
7 _ P — u,v) |.
(77) qn(_q)ngw (— — ) [(w)]

Writing
B(u— z,v — z) = B(u,v) — B(u+v,2) + B(z, 2),
we may “complete the square” by noticing that
—B(u+wv,z)+ B(z,2) =

u+v
2

Substituting variables using w = z —
we get

u—l—v) (U+U u+v)
2 2 2 7

u+v
2

B(z

, R

putting the terms together,

B(u—z,v—2z) :B(u,v)—l—B(w,w)—B(u;U,u;U

Uu—v u—v

2’2)'

) =

B(w,w) — B(

Therefore, (77) reduces to

gt *x iy =

Ly pB) B~ BEP )

n(_q,\n/2 _
(=g e 2 t—1

(78)

Now let us consider the other side of (75). The composition 7,/ x 8
times the sum over all choices of y*,y~,z € W of

is —
(—)" /2K (—t/4)K(1)
terms
tB(z,z Byt y")+ By ,y~
1B | BOTD) + By )

- - V10 1+ 7))
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Writing out

(011w 1= o PE) (o)),

this term is the basis element [ (z+y™, y~) | multiplied by the coefficient
tB(z,2)  Bly",y")+ By ,y") , Blz,y~
StBEE) | BT £ B | B,
4 4 2
z 2 y' -y y -y Bl+y'y)
548
Substituting variables v = z +y*, v = y~, w = 2/2 we reduce yo/; * 3

. 1 .
to the coefficient O ERCUDE®D) times

(—tB(

> (—tBlw,w) + B —w, o —w) + M) [ (u,0)].
u,v,weW

Writing

we have

. . B
—tB(w,w)+B(u v_w7u v (u,v)

3 T
u—v u—v u—v,  B(uv)
~(t = DB(w,w) =2 B(~—5—.w) + B(~5—, ~—5—) + —

Completing the square gives

(= DB, w) + B ) =
U —v U — v 1 U—V U—V
_(t_l)(B(w+2(t—1)’w+2(t—1)>_(t—1)2B( >3 )

Therefore, replacing variables x = w + ﬁ(u — ) gives

—tB(w,w) +B(u;” _w,“;U _w)+ B(IQL,U)
—(t - 1)B(w,x) + (1 + (tt_—ll)Q)B(ugv,u;v)_i_ B(Z’U) _
_(t—1)B(g:,;p)+tle<U;v’U;v) B(q;,y)
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Thus, /¢ x 3 is the factor )n/QK( TR ()times
—v u—v, B
> w<—<t—1>B<x,x>+tle<“2”,“2“>+ W) [ 0)] =
u,v,xeEW
t u—v u—v, B(u,v)
Kt -1) 3 wl=B 0 )+ 20 [, 0))

u,vEW

This agrees with our above calculation of g; x a; in (78), up to a
constant. It remains to check that the constants precisely agree, i.e.

K(-(t—1) _ E(=7)
(" PK(-HK(1) (="
Recalling (44), first note that since K(c) only depends on €,(c), we
have K (—t/4) = K(—t). We can therefore simplify (79) to

(79)

(== 1) = K(= ) K(~)K(1)

Next, the signs, i.e. the factors (—1)"“*!disc(B) in each K factor will
cancel, since both the left and right hand side have and odd number
of K factors. Further, collecting factors, both sides have a factor of
q"(—q)™?, which we may factor out. This reduces the claim to

n n t n n n
eg(—(t —1))"€(—1) /2= Gq(_m) eq(—1)"eq(—1)° 2.
Dividing both sides by ¢,(—1)"2 and collecting terms gives
_t n
(= 1) = (= (D)D),
which holds, since ¢,(—(t — 1)) = €;(—7)-
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