ON THE LOCAL COHOMOLOGY OF L-SHAPED
INTEGRAL FI-MODULES

SOPHIE KRIZ

ABSTRACT. The local cohomology groups of F'I-modules were com-
puted in characteristic 0 by Sam and Snowden, but remain un-
known integrally. In this paper we compute them for the Spech-
tral F'I-modules corresponding to the L-shaped Young diagrams
(i.e. the partitions (2,1,...,1)). We also find and discuss some
interesting features of this computation, including the presence of
torsion.

1. INTRODUCTION

In representation stability, representations of the category of finite
sets and injections, called FI-modules, were introduced by Church,
Ellenberg, and Farb in [1]. Their applications of this concept include
results about the cohomology of configuration spaces on manifolds,
diagonal coinvariant algebras, moduli spaces of n-pointed curves, rank
varieties of square matrices, and more.

Now for an F'I-module M, its torsion submodule T'M is defined to
consist of those elements of M which are sent to 0 by inclusions into
large enough finite sets. An important topic in representation stability
is the calculation of local cohomology, i.e., the derived functors of the
FI-torsion of a given F'I-module. Rationally, this was solved by Sam
and Snowden [9, 10]. Modulo torsion, rationally, the simple objects of
the category of F'I-modules were called Spechtral modules by A. Snow-
den. Using Schur-Weyl duality, Sam and Snowden [9, 10] reduced the
problem of calculating rational local cohomology of Spechtral modules
to questions of cohomology of G L-equivariant-quasicoherent sheaves on
P>, which can be resolved using the Borel-Weil-Bott Theorem.

Integrally, however, very little is known. The main result of this
paper is

Theorem 1. Let A\, = (2,1,...,1). The local cohomology of the inte-

——
k—2

gral Spechtral module My, is given as follows:
1
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(1) If k > 2 is odd,

— ifn==k, andi=2
i ) (Z/k)” ifn=k+1, andi=2
(R (M) = Z ifn=1, andi =k
0 else.
(2) If k > 2 is even,
/ ifn==Fk, andi=2

‘ (Z/%)~ ifn=k+1, andi=2
(RT(My,))n =% Z/2 ifn<k—1, andi=3
7 ifn=1 andi=Fk
0 else.

Here the superscript — denotes the sign representation. The F'I-module
map from degree n to degree n+1 is surjective in the same cohomological
degree.

Thus, torsion does occur in F'I-local cohomology of Spechtral F'I-
modules. One could ask how Theorem 1 relates to the local cohomology
of integral versions of the objects to which the F'/-modules we consider
correspond to under Schur-Weyl duality rationally. This very question,
however, is ambiguous, precisely due to the fact that Schur—Weyl du-
ality fails integrally. We make some basic comments on this question
on the Appendix, focusing mainly on the case of the Spechtral module
M (2)-

The proof of Theorem 1 starts with the well-known fact that the
representation ring of a symmetric group ¥, is generated by exterior
powers of the irreducible representation of rank (n — 1) (see, e.g., [5]).
Therefore, it makes sense to look for a resolution of Spechtral modules
by tensor products of modules of the form M ;-). For the module M, ,
it turns out that two tensor factors suffice, one of which satisfies r = 1.
One can then take advantage of the explicit calculations of Remmel
[8]. Based on these calculations, one writes down a rational resolution
of M), which has an integral analogue, giving a resolution of an F'[-
module which I denote by Mj, . The proof of Theorem 1 has two major
steps: First, we use the resolution we constructed to calculate the local
cohomology of My , then we prove that M = M), .

In principle, the same method should apply to the case of Spechtal
modules M, 1. (The case of p = 1, in fact, is easy and is treated
in the Example in Section 2 and in Proposition 6 below.) For p > 2,
one should be able to construct a resolution based on a tensor prod-
uct of the form M-y ® M(s). One would then use the formulas of
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Remmel [7] calculating the tensor product of two hook-shaped Specht
modules. One sees, however, that the formulas in [7] are considerably
more complicated. The complexity increases progressively for larger
Young diagrams. In the general case, calculating tensor products of
Specht modules is, in fact, an NP-hard problem [3], so other methods
may be necessary.

The present paper is organized as follows: We introduce the ba-
sic concepts in Section 2. This includes the construction of integral
Spechtral modules, the tensor product, and the calculation of the local
cohomology of tensor products of Spechtral modules of the form M),
which basically mimics the rational case. In Section 3, we introduce a
certain resolution of an integral F'/-module M} , and compute its local
cohomology. In Section 4, we prove that My, = M; . In Section 5 (the
Appendix), we briefly discuss integral versions of the Schur—Weyl dual
of M,y and their local cohomology.

Acknowledgement: I am very indebted to Professor A. Snowden for
introducing me to this topic and for guidance and to Professor S. Sam
for helpful comments.

2. PRELIMINARIES

2.1. The construction of the integral Spechtral modules. First,
we shall recall a definition of the integral Specht module of a Young
diagram and then use it to construct the integral Spechtral module of
a given Young diagram. This will also allow us to establish notation
that will be used throughout this paper.

To begin with, denote the symmetric group on n elements by >,.
Fix a Young diagram Y. Our notation for Young diagrams will be to
write Y = (¢1,...,¢x) where k is the number of rows of Y, and for
each 1 = 1,...k, ¢; is the length of the 7th row of ¥ We will use the
convention that 7 < j implies ¢; > ¢;.

Suppose Y has n total boxes (meaning Zle ¢; =n). Of course, ¥,
acts on the boxes of Y by permutation. Denote by Xj and X the
subgroups of ¥, which preserve the rows and columns (respectively) of
Y when acting.

To define the integral Specht module of Y, we shall first define a
homomorphism of ¥,-modules

(1) L(En/2y)" @ L(En/3y) = L7,
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where M* denote the dual of a representation M, i.e.,
M* = Homy(M,Z),

and Z~ denotes the sign representation.

Note first that both representations Z(%, /%% ) and Z(%,/%5) are
self-dual since they are permutation representations. (If a group G
acts on a set S, then as G-representations, there is an isomorphism
between Z(S) and its dual by dualizing with respect to the basis S.)
In addition, the tensor product

Z(En/3Y) @ Z(E0/X5) = Z(2,/5% x £,/55)

has a well-defined direct summand representation corresponding to the
unique free orbit of %, /3% x 3,/¥5. Define (1) as the projection
to this direct summand composed with an onto homomorphism to Z~,
which is unique up to sign. By using tensor-hom adjunction (and strong
dualizability over Z), we have

Hom(Z(%,/%%)" @ Z(3, /%5 ), 27) =
Hom(Z(X,/%5) @ ™, Z(X,/EY)).

Thus, (1) gives another unique (up to sign) homomorphism of ¥,-
modules

(2) vy 1 L(E,/E5) LT — L(E,/EY).

Then one can define the integral Specht module, which we will denote
by Sy, to be the image I'm(py).

Now fix a Young diagram Z = ({1,43,...,0). Let
Z'= b1+ 1,ly,...,0).
Denote the k-th iteration of this by
ZO = (b, +1i,0y,...,0).

Definition 2. Let F'I be the category of finite sets and injective maps.
An FI-module is a covariant functor from FI to abelian groups.

Then to construct an F'I-module, it suffices to give maps between
the Specht modules
S 7 — S VA
which are X,-equivariant and such that in the composition of such
maps

(3) SZ—>SZ/—>SZ”_>"'_>Sz(i)7
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the image is fixed under the X;-action on the last ¢ squares in the first
row of Z(,
Thus, consider the group homomorphism

P En — 2n+1
given by sending a permutation o of 1,...,n (corresponding to a per-
mutation of the boxes of Z) to a permutation of 1,...,n+ 1 by swap-

ping 1,...,n according to ¢ and using the identity on n + 1 (which
corresponds to using the permutation of the boxes of Y except for the
(¢1 + 1)-th one in the first column, on which one uses the identity). A
permutation on the boxes of Z which preserves its rows (respectively,
columns) will preserve the rows (respectively, columns) of Z” after ap-
plying p.
Thus, p induces maps
¥./X5 = S /XY

S0 /S5 = Sni1 /S

Hence, after taking free abelian groups, we get a diagram

Z(2,/58) @ L~ —2 = 7(8, /57

| |

L(En1/E%) @ L7 ——> L(Enia [X7).

This diagram commutes because, in Z’, preserving columns means pre-
serving the new box, and therefore, in the target of the bottom hori-
zontal map, we are summing over the same terms as in the target of
the top horizontal map.

This induces a X,,-equivariant map on

(4) Sy =1Im(pz) — Im(pz) = Sz.

Definition 3. The integral Spechtral module My where A = (ls, ... )
is the F'I-module

S(e2vg27"’7‘ek) — S(z2+1’£27"'7ek) - S(€2+27627"~7£k) e

given by the maps (4).

Example: \ = (1¥). Then
(M/\)n = S(n—k,lk)‘
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The image of the generators under (2) are alternating sums of gener-
ators corresponding to ordered choices of k£ elements in a given k + 1
element subset of {1,...,n}. Consider the Z[%,]-module

Vn = Z<En/zn—l)‘

Let V,, = Ker(Z(2,/Sn-1) — Z) be the kernel of the augmentation
map. Then we have an embedding A*(V,,) C (V},)®* given by taking
alternating sums, which induces an embedding

(5) (V) € (V).
Therefore, the image of (2) is canonically indentified with the image
of (5). Hence,
(M), = AF(V,).

In fact, the right hand side A*(V,,) is directly seen to form an FI-
module by the emebeddings {1,...,n} C {1,...,n+1}. We will also

sometimes denote this Spechtral module by A*(V).

Note that we can similarly define embeddings
Ak(Vn) — Ak(vn—f—l)y
thus giving another F'I-module, which we will denote by A*(V).

2.2. Finitely generated F'/-modules and the tensor product. A
finitely generated F'I-module is defined to be one that is expressable as

a quotient of a finite sum of principal projectives P(n), the m-th term
of which (for a fixed n) is

P(n)m, = ZMorg([n], [m])

where [n] = {1,...,n}. A Spechtral module is, by definition, finitely
generated. The Noetherian property says that the submodule of a
finitely generated module is finitely generated [11].
We define the tensor product M @ N of F'I-modules M, N by letting,
at F'I-degree n,
(M®N), =M, ®N,

with F'I acting diagonally. (Then also define a tensor product of mor-
phisms of FI-modules at each FI-degree separately in the obvious

way).

Lemma 4. If two F1-modules M, N are finitely generated, then so is
their tensor product M & N.



Proof. See [1], Proposition 2.3.6.

2.3. Local cohomology. First examples. Define for an F'I-module
M, its torsion submodule T'M by

(6) TM,={zxeM,|Fi:{1,....,n} = {1,...m}, i.(x) = 0}.

We also sometimes speak of F'I-torsion to distinguish it from Z-torsion
(i.e., torsion in the category of abelian groups).

Definition 5. The i-th local cohomology of an F'I-module M is defined
as the i-th right derived functor R‘T'M.

A torsion F'I-module M has a resolution by torsion injectives of the
form
Q(n)m = Map(Mors([m], [n]), J)
(for divisible abelian groups J, where Map denotes the abelian group
of maps from a set into an abelian group), which are also F'I-torsion,
and thus
R'TM =M

R'TM =0 for i > 0.

Now let

(7) AWV) = DAV,
k
and correspondingly,

(8) A(V) = DA W).

In degree n, these F'I-modules are equal to the exterior algebras A(V},),
A(V,,), respectively. Let, also, Z,) denote the torsion F/-module that
is Z in F'I-degree n and is 0 at all other degrees.

Note that A(V), A(V') are not finitely generated. In addition, one
has

(9) A(V)o =

0,
and also A(V); =Z, A(V)o = Z. (For (9), recall our earlier definition

of A¥(V') as a Spechtral module.)
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Proposition 6. The i-th local cohomology of A(V) is Z given by
(10) R'TA(V) = Zyoy for all i > 1.

More specifically,

Loy fori=k+1

0 else

(11) RﬁrAkd7)::{

Proof. Let us denote by vy, ..., v, the elements of ¥,,/3,,_1, which gen-

erate V,,. (Note that then V,, is generated by v; — vj for all i # j.) In
addition, note that for k > 1, 4y,...,ix € {1,...,n} distinct,

Uiy AN Ay, =0 A (0 — i) A A (05, — Uiy ).
We will define maps for £ > 1
O : AF(V) = A1 (V)
by sending v;, A -+ Awvy, = vy, A (Viy — ) A+ A (v, — ;) to
(Viy = Vi) A= A (Vg — 03y).

To see that this map is well-defined, we need to show that our definition
does not depend on which of the elements v;, we put first. To this end,
consider an alternate expression
Uiy N ANy, = (—1)j_1vij A (v — o) AL (UZJ/—\UZJ) A (Vg — vgy)
for some j € {1,...,k}. Our definition of ) sends this element to

(—].)j_l(’l}il - 'Uij) AN (Uij - Uz‘j) SERAN (Uik - ?Jij>.
To show that this is consistent, we need to prove that for every j =
1,...k,
(Ui2 - Uil) AR /\Qik\_ Uil) =
= (—1)]_1(’111‘1 — 'Uz'j> VAN (Uij — Uij) SERAY (Uik — Uij),

which follows from the formula

(12) (viy —vi ) A=A (v —v5,) Z )™ A C AT A A,
=0
Also, let
0o : A°(V) =Z — Zyoy
be identity at F'I-degree 0 and 0 elsewhere.

Taking the direct sum of all 85 for k =0,1,...,k gives an onto map
of F'I-modules

0:A(V) = Zgy ®AV).



One checks by direct computation that

(13) A(V) C Ker(6)

Additionally, both source and target have the same rank in each F'I-
degree. Thus, the cokernel of (13) is Z-torsion, and hence must be 0,
since A(V')/A(V') has no Z-torsion.

Therefore, we have a short exact sequence of F'I-modules

~ -

(14) 00— A(V) —= A(V) -2 Zgy & A(V) —= 0.

Putting copies of (14) together, we get a resolution of A(V') of the
form

(15) A(V) — Z{O} D A(V) — Z{o} D A(V) — ...
One has
R'T(A(V))=0foralli >0
because these F'I-modules are semi-induced (for a thorough discussion,
see [2, 4, 6]). Hence the i-th local cohomology of A(V) is Zgy for every

i > 1 (and 0 for ¢ = 0). Decomposing using (7), we get the i-th local
cohomology

RITAR(V) = Zyyy
RTAF(V) =0 fori+#k+1.

Proposition 7. For any choice of ki, ..., k¢ > 0, the i-th local coho-
mology of AF(V) @ --- @ A (V) is given by

Lyoy fori=1Fki+--+k +1

RTAM(V)® - @ A (V) = { 0 else.

Proof. First, recalling (15), the local cohomology of each individual

A% (V) can be obtained from its resolution of the form

(16) A(V) = ABTH V) = A2 (V) — - = AY(V) = Zyggy.

To calculate the local cohomology of A" (V) ® -+ @ AR (V), we will
take the tensor product C of the resolutions (16) for all j =1,... /.
First note that

7 for k=0
A(V) @ Zygoy = { 0{0} else,

Loy ® Loy = Loy -
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Additionally, the last map of (16) induces an isomorphism after ten-
soring with Zg.
Consider the chain complex

T =Q)Id: Z — Z)
¢
in homological degrees 0, ..., /.

The resolution C of AF1(V)®---® A (V) has a last Zygoy in cohomo-
logical degree ki +- - -+ ky+ £, and thus, its torsion part is the homology

of
(17) Ty [~k —ko— - — ke — (]

(where in the formula (17), [—k1 — ko — -+ — k; — £] denotes a shift
in homological degree, and we consider the cohomological degree to be
the opposite of the homological degree).

Now to calculate the homology of (17), first note that we have an
injective chain map

07Tt , — I,

whose cokernel is Z[(] (again, shifting in homological degree), thus
giving the short exact sequence of chain complexes

(18) 0TI =TI = Z[(] = 0.
Taking homology of (18) gives a long exact sequence of the form
o= Ho(TE ) = Ho(T') — H(Z]0) = Ho1(Z5y) — ...
Now we have for all r € Z, H.(Z*) = 0, and also
{ Z forr=1{

H,(2]0) = 0 else.

Hence,

7 forr=40-1
Hr(zéé_l) - { 0 else.

Thus, after converting to cohomological grading by reversing the
signs of all degrees,

TAM (V)@ - @ A(V))
has cohomology Zo exactly in degree ky 4 -+ k +0 — ({ —1) =
ki+---4+ks+ 1 and O else, i.e.,

Z{O} fOrZ:kl—F—l—/{?g—l—l

RiT<Akl(‘7> R+ ® Akl(f})) = { 0 else.
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Lemma 8. The map A : AFL (V) @V — A*(V) induces an isomor-
phism in local cohomology

RTA*Y (V)@ V) = RT(A*V).

Proof. We will prove this by proving the existence of a chain map from
a resolution of A*¥1(V) ® V to a resolution of A*(V) which induces a
quasiisomorphism after applying 7T'.

Now as in (16), there is a resolution B of A*~1(V) of the form

(19) AL V) = A2(V) = o= AO(V) = Zyggy

Applying this to Al(‘7) — V, we get that V has a resolution of the
form

V72— Z{o}-
As in the proof of Proposition 7, we can obtain a resolution of
A VYoV

by tensoring these two resolutions as chain complexes. Denote this
resolution by C:

Ak_l(V) (2 Z{o} _— ... — AO(V) X Z{o}

| ]

(20) Akil(V) . A° V) Z{O}

T |

ANV @V NV)QV ——=Ziy @V

Note that A'(V) ® Zoy = Zgoy ® V = 0. There is a morphism from C
to

AV = AN V) = - = AY(V) = Zygy

where we send the top row of (20) to 0, and the bottom two rows are
sent by the map

(—D)FHda A N(V) AT V)RV — A(V),
(—1)]{71 : Z{o} — Z{o}-

Clearly, this induces an isomorphism in cohomology after applying 7T'.
O
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3. THE LOCAL COHOMOLOGY OF Mj,

The main goal of this paper is to compute the local cohomology of
the Spechtral module M), . In this section, we will define another F'I-
module M /’\k and compute its local cohomology, and in the next section,
we will prove that

M, =M ;k

3.1. Certain chain complexes of FI-modules. Let D denote the
chain complex

AMNWVYeV s AT V) eV - s A'V)eV
where the differential is given by

d(viy N+ Nvg; @ vg) =
(L e A e Ay, @ g i g = £ for some s
10 else.

The FI-degree n summand of this chain complex can be alternately
described as

D =@ Aoy, ...,y 0] © (Z{v; @ 0} — Z{v;}),

where the isomorphism Z{v;®v;} — Z{v;} is given by sending v; ®v; to
v;, and the chain complex is indexed homologically, putting the term
A¥(V) ® V in homological degree k. Thus, for every FI-degree n,
H.(,D)=0.

At every FI-degree n and homological degree k, the differential of
»D sends
(21)
(Vig = Vi) A -+ - A Vi, = 03,) @03y = —(Vig =03 ) A+ A (V3 _y — 0i,) s, -

Hence, by always restricting differentials to A*(V)®V, there is a sub-
complex D of the form

7 _
g 4 d? ~

- dP -~
NV)@V = A1)V — ... —= A(V)a V.

Now in the case of n > 1, for every m € Z,

(22) Hm(nﬁ) = 07

since, recalling formula (12), A¥(V)®V is generated by elements in the
source of (21) and the target of (21) (where in the target, & is replaced
by k+1).
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If n =1, then the chain complex 125 is of the form
0=-0—=---=0—=%
(where the Z is in homological degree 0). Hence, in this case,

~ 7 form=20
(23) Hin(1D) = { 0 else.

3.2. The definition of the FI-module Mj . Let K be the FI-
module defined as the kernel

(24) 0— K — A V)V = A1)

of the canonical map A’f—l(f/) ® VA Ak(‘~/) . Consider the map

§: K - AN2(V)eV
that is the restriction of the differential of D. We put
M, = Ker(9).

Thus, we have a candidate for a resolution of My of the form

ds ~ d§ ~ dE <, ~
K—">AN2V)@V ——=A3V)eV ... —2ANV)aV

where d§ = 6. Denote it by €. Let us use chain cohomological grading

for £ ie., E0= K, &' = AF2(V)®@ V, etc., and
dé  E™ — gl

We will see that & is “close enough” to a resolution to calculate the
local cohomology of My . To do this, we begin by calculating the chain
cohomology of €. By definition, H%(E) = Mj, .

3.3. The chain cohomology of £.

Theorem 9. Let k > 2.
(1) Form > 1,
0 ifn>1, andm > 2

H"(,)=12 0 ifn=1 and2<m<k-1
Z ifn=1, andm =k — 1.
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(2) We have
y/ ifn==k
(Z/k)” ifn=k+1
H'(, &)=< Z/2 ifn>k+1 and k is even
Z ifn=1k=2
0 else

where Z~, (Z/k)~ denote the sign representations of ¥,,.

Comment: The penultimate case of (2) is part of the last case of (1).

Proof of the cases m > 1 and m = 1, n < k. First, note that, for m >
L

H™(€) = Ker(dy,)/Im(d;,_,) = Hy-1-m(D),
thus proving (1) of the Theorem by (22), (23).
It remains to calculate the first chain chomology H'(,€) for every
n > 1.
First, suppose n < k — 1. In this case, dim(V) =n—1< k—1, and
therefore A*1(V) @V = 0. Hence, K = 0. Then the chain complex
& 1s of the form

0 A 2@V 5 A3V eV = - 5 A(V) eV,

which is isomorphic to D[1 — k]. Hence, H'(,€) = H;_»(,D) = 0,
except in the case n =1, k = 2, which was already discussed.

Now suppose n = k. In this case, dim(V) = n—1. Thus, A¥(V) =0,
and (24) gives

KA1 (V) V.
The chain complex ,,£ is of the form
ANV @V, = A2V @V, = - = AUV, @ V.
Thus, it forms a short exact sequence
0%,15—)”'5[1—/{] —7Z =0
(where Z~ represents the cochain complex
Zm —=0—=.--—=0,

and, again, [1 — k| denotes the shift in homological degree). This gives
a long exact sequence

H(D[1 —k]) » HY(Z™) — H (&) = H'(D[1 —k]) — .. ..
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Hence, since

we have

3.4. The proof of Theorem 9, part (2) in the case n > k + 1.

Proof of Theorem 9, (2) for n =k + 1. Note that we have canonical
isomorphisms

(25) A (Vi) 227, N7 (Vi) 2 27 @ Vi,

Thus, we have a short exact sequence of chain complexes

(26) 0= 1 1€ = puD[l — k] = K =0

where K is of the form

(27) A (Vis1) @ Vipr =2 (A1 (Vi) ® Vit )/ K

in homological degrees 0, —1. By (25), we have an idenfication
(28) Ko=7" & Vi,

which has dimension & + 1.
To understand /C, first note that we can identify

(29) K1 =2~ ©{f € Hom(V,V)|tr(f) = 0},
AT VYQV =Z~ @ Hom(V, V).

Writing V/ V= Z, we thus get a short exact sequence

(30) 0 /e K,-—"~7Z @V ——0,

In particular, dim(K_1) = dim(Ky) = k+1. By the long exact sequence
in cohomology associated with (26), we need to show that the cokernel
of ¢ is isomorphic to (Z/k)~.
By Noether’s isomorphism theorem, we have
~ Coker(d) =
Z/(tr((Im(dg" ™) € Z~ ® Hom(Vi1, Vies1))N
(2= @ Hom(Vit1, Vi)
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Now define e; € 17k*+1 by setting, for j # k,

1 ifi=y
ei(vj—wvg) =< —1 ifk=j
0 else.
We have N
dOD[l_k] (Uz) = €; & V;.
Thus,

Im(dP" ™™y N (2~ @ Hom(Viest, Vi)
is generated by

(31) dé)[l_k} (V1 + -+ o) = Z ei(vi — Vg41)

(using vp41 = —v1 — -+ — v € Vigr).
Now fori=1,...,k,

61(%’ - Uk+1) =1,

ei(vj — vgg1) =0, for i # j.
Thus, the trace of the right hand side of (31) is &, as claimed.

Next, we have the following

Lemma 10. For everyn > k+ 1, K,, is generated by elements of the
form

(32) (viy —viy) A (viy — i) Ao A (Vi — Vi) A (0 — v5) @ (v; — v;)
where © # j and all iy, ... 1,1 are different, and
(33) Hi, 7} n{ir, ... ig—1}| =0 or 1.
Proof. The statement that the set of the elements (32) for any
iy Jy 01,09, i5—1 € {1,...,n}

generates K, follows from the fact that for variables wq, ..., ws,
Azfwy, ... ws) = Tlws, ... wg)/1
where T'lwy, ..., w,| denotes the tensor algebra on wy, ..., ws, and I

is generated by w; ® w;, w; ® w; + w; ® w;, and additionally, for any
i,7,4', 7 €{1,...,n},
(vi — ;) ® (vy — ) + (vy — V) ® (v; — UJ) =
= —(vi =) @ (vi —vg) + (vi — Ug') ® (vi — vy )+
+(vj = vir) ® (v — vir) — (v — vy) @ (v ])



17

Now in view of formula (12), unless iy, ...,ix_1 are different and
i # 7, and (33) holds, the expression (32) is 0.
O

Now denote by
e : N2V eV, = Z)2
the map which sends
Vi, /\”'/\Uik72®vj 1

for iy, ...,1,_o different. Let € denote the composition

A2V @V, = A2 (V) @V, —=17Z/2.
We have

Lemma 11. For k even, the compostion

& —~ ~
K 2 A2V @V — > 7/2
15 0.
Proof. This follows from the fact that, by formula (12), the d§ images

of the generators (32) with the condition (33) can be expressed as a
sum of evenly many terms of the form

(34) Uiy VANEIERIVAN Vip_o & Vj

for i1, ...,1_o different.

Proof of Theorem 9, (2) for n > k + 1. First note that we have
df (Vi1 — i) A= A (vgy = 03,) ® (03, — ) =
(35) = (=D, —vig) Ao A (03 — v) @ v+
+(Ui2 - Uia) ARERNA (Uiz - vik) & Ui1)

for 41,...ix € {1,...,n} different. Also, for iy,...,ix1 € {1,...,n}
different, we have
dg ((vi, — Uii:) A (Vig = Vi) A v A (Vig — Uiy ) @ (V5 — 03,)) =

= (_1) ((vi?, - vi4) ARRRNA (Uis - Uik+1) @ (Uil + Ui2))'
Since n > k + 2, the set

S = {1,...7’L}\{Z‘g,i4,...,ik+1}

has cardinality > 3, and thus, the elements of the form (36) generate
an index 2 subgroup in

(37) <(Ui3 _Ui4>/\"'/\(vi3 _Uik+1)®vj|j € S>

(36)
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Additionally, elements of the right hand side of (35) identify, in
Ker(dy)/Im(dg),

the generators (37) for different choices of {is, ..., ix11}. Since elements
(37) generate Ker(df), this represents H'(,&) as a factor of Z/2.
If k£ is even, then the onto map

7.2 — H'(,€)

must be an isomorphism (since H'(,£) surjects onto Z/2 by Lemma
11).

If k is odd, we also know from the case n = k+1 that the k-multiple
of

(38) (Uia - Ui4) JARRRNA (Ui:s - Uik+1) ® Uj

for j # i3,...4041 is 0 € H'(,E), and since the 2-multiple of (38) is
also 0 in H'(,,£), which is generated by elements of this form, we know
that

as claimed.

3.5. The local cohomology of Mj .
Theorem 12. (1) If k > 2 is odd, we have

(7~ ifn==Fk, andi =2
(Z/k)” ifn=k+1, andi=2
ifn=1 andi=Fk
else.

R'T(M, )=

© N

\

(2) If k > 2 is even, we have

(7~ ifn==k, andi=2
(Z/%)" ifn=k+1, andi=2
RT(M;,) =< 7Z/2 ifn<k-—1, andi=3
y/ ifn=1, andi=Fk

0 else.

\

Proof. We will begin by proving (1). Suppose k is odd. The chain
complex of F'I-modules

(39) (K = A" 2(V) @V 5 A3V @V = - = A°(V) @ V)pspio
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(where the subscript means restricting to F'I-degree > k + 2) gives a
resolution of M), , by Theorem 9, since the chain cohomology is only
nonzero in F'I-degree < k + 1.

Now in general, if C denotes a resolution of an object M in an abelian
category with enough injectives, and T is a left exact functor into
another abelian category, we have a spectral sequence

EP4 = RIT(CP)

that converges to RPTIT(M), (meaning that there exists a decreasing
filtration F,(R™T'(M)) such that

EZ = Fp(RPTT(M)) ) Fpa(RFTT(M))).

In this case, of course, we take the category of F'I-modules, T is the
torsion functor (6), C is (39), and M is Mj .
In addition, for an F'I-module M, if

(40) Vg >0 RIT(M) =0,

then we have

M/Mn§5—1 lf q = 1

(41) RIT(My>s) = { 0 else

by the short exact sequence of F'I-modules

0= My>s = M — My<s—1 — 0

(where the subscripts again mean restricting to the indicated F'I-degrees).
Note that K satisfies (40) by Proposition 7 (and the map

A VY@V — AF(V)

induces an isomorphism in local cohomology, see Lemma 8), and the

FI-module A*(V) @ V satisfies (40) because Zjpy @ V = 0.

So, in this case, the Fi-term is nonzero only for ¢ = 1, (and therefore
the spectral sequence collapses to Es), and is equal to the chain complex
at n < k + 1, which is

Kpcrin = (A 2(V) @ V)ngipr = -+ = (AY(V) @ V)ngpa.
The cohomology of this chain complex is given by Theorem 9, thus
implying our result.
Now we shall prove (2). Suppose k is even. Let & denote the chain

complex

K= AN2V)QV = Z/2,50 @A 3V)QV = - 5 A(V) @V
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(the maps A*=2(V,,) @ V,, — Z/2 are given by the number of terms (34)

of the source modulo 2). Then &,>x42 gives a resolution of Mj , by
Theorem 9.

By the discussion in the previous case, the resulting spectral sequence
is only non-trivial at ¢ = 1 (hence, it collapses again to Es). For ¢ = 1,

o~

we get the chain complex &,<;+1. Now we have a short exact sequence
0— Z/2n§k+1[_2] — gn§k+1 — 5n§k+1 — 0.

Thus, we get a long exact sequence in local cohomology which is

0—— R1T§n§k+1 — R1T5n§k+1 s Z/2n§k+1

|

(42) RTE, 11

|

0

(the connecting map § would go to R? which is shifted down by 2 on
the F'I-torsion module Z/2,<k+1).

The term R'TE, <) is calculated by Theorem 9. The map 4 is onto
in F'/-degrees k and k + 1 by the definition of the connecting map.
Thus, our result follows.

U

4. PROOF THAT Mj IS ISOMORPHIC TO M),

Theorem 13. For all k > 2, there is an 1somorphism

b My, —— M.

Proof. We begin by describing explicitly the integral Specht module
S(nfk, 2, 1k=2) — (M)\k)n

The generators are certain sums in Z(Q!) where Q! is the set of
all ordered choices of different elements iy, ...,ix_2 € {1,...,n} and
a 2-element set I C {1,...,n} ~ {i1,...,ik—2} (which is identified
with 3,,/3"). They are images of elements of Z(X%, /%), which can
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be identified with Z(Qf), where Q¢ is the set of different elements
Ly yln—k—2 € {1,...n}, and a 2-element set
JC{L, . coony A, bk}
The sum ranges over all compatible choices in )], with a given element
of Q)¢ with signs determined by the sign of the overall permutation of
{1,...,n} which the choice determines. Note that up to sign, these
generators actually only depend on the sets J, J' € {1,...,n}, |J| =2,
|J'| =k, JNJ =0, where J' = {1,...,n} ~ ({t1, ..+, tn—k—2} UJ).
We will denote the corresponding generator by = ;. Putting
J={j <jot, J = {51 < <G},
we can write
(43) Ty = Z sign(c) - sign(7) - ((713)s - - - Jriiy)s 1Jo()s Jr(a)})-
OEY S, TEY

Now the element (43) determines (up to sign) an element of
Ker(A: A1 (V) @ Vi, = A*(V,))

given by
(44)
.T(]’J/ = Z (—].)p—i_q(k—l)vji/\@/\/U]I/€®U]q
p=1,....k, ¢=1,2
+ Z (—1)p1+qvji /\...v;-p1 ...v;m NVj, -+ Nvjr @ vy .

1<p1#p2<k, ¢=1,2

We claim that the elements (43), (44) span isomorphic representa-
tions. In fact, the passage from (43) to (44) can be described as follows:
(43) can be considered as an element of V22 @ Sym?(V,,), where the
Sym?(V},) corresponds to the {Jo(1), vz} coordinate of (43). Embed-

ding into V¥ 2 @ V®2 = V@ however, provides an element in
ANV @V, — VEF

given by anti-symmetrization, which is given (up to sign) by (44).
Now by definition,

45)  xyp € Ker(dP , : A" (V) @V, = A 2(V,) @ V)

(since no element v; occurs on both sides of the ® in any of the sum-
mands). We claim also that

(46) Ty € Ak_l(‘f?n) ® ‘7”
This is obvious for the first summand (44), whose term for a given p is

Criipy @ e
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Clig<-<im} = €(i0,emmyim)-
The sum of the other summand of (44) is seen to be in A*1(V,) @V,

by grouping the terms with given {p,p>}, ¢, and in A**(V,,) ® V,, by
grouping the terms with a given p,. Thus, (46) holds. By (45), (46),
we have produced a map of X,,-representations
(47) U (My)n — (M;\k)n

This map is non-zero and hence injective (since the representations
(M,,)n are irreducible after tensoring with Q).

We first claim that v, ® Q is an isomorphism. To this end, Remmel
8], Theorem 2.1 proves that rationally,

AU V) @ Vo & (M) © (My,_)n ® AR(V,) @ AFH(V,) @ A2(V,).
Inductively, it follows that rationally,
Ly = Ker(d}ZQ : Ak*Q(Vn) RV, — Ak*3(‘~/n) ® V)

= (My,_)n @ A1(V,) @ AF2(V,).
On the other hand, rationally,
Ko = (My)n @ (My,_, )n ® A1 (V,) @ A2(V,)
so we have a short exact sequence
0— (My)n— K, = L — 0,

as claimed.

Thus, the cokernel of (47) is torsion, and we need to show that the
torsion is 0. We will use induction on n and k. By the induction
hypothesis, the elements x; » with n ¢ J U J' generate

(Mgk)n—l - Ak_l(‘N/n—l) X ‘N/n_1.

Thus, it suffices to consider the images of the elements

(48) Tyg, N E J

(49) Ty, NE J

in

(50) A2V ) At @ Vi @ AFY(V21) @ {un )

However, the condition that these elements be in K, determines the
second summand (50) from the first summand, so we may further re-
place (50) by

(51) A2V ) Aoy @ Vg 2 AF2(V_) @ Vg
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Now for n € J', (with appropriate signs), the image of an element

(52) L1 go} 0 £ T nh I n}ulia} £ T{jand, '~ {n}Ulja}

becomes the generator

(53) Ty o}, '~ {n} € (MAkﬂ)n*l'

On the other hand, the image of an element Tlin} (g} 1D (51) is,
up to sign,

k
(54) Z(_l)se{ji,...,jz,...,j,’c} @ vjr.

s=1

Additionally, in any characteristic p > 0, the elements (53) are lin-
early independent of the elements (54) by the characteristic p Pieri
rule. Thus, if a linear combination of such elements is divisible by p,
the sums of the (53)-summands and (54)-summands would have to be
divisible by p separately. For the (53)-summands, the element is a p-
multiple of a linear combination of the elements (52) by the induction
hypothesis. The (54)-summands actually do not depend on i, but oth-
erwise, for different choices of {ji,..., i}, are linearly independent in
characteristic p. Thus, our result follows.

O

5. APPENDIX: COMMENTS ON THE RELATIONSHIPE WITH
SCHUR-WEYL CORRESPONDENCE

As mentioned in the Introduction, rationally, Schur-Weyl duality
gives an equivalence between the category of F'I-modules and the
category of GL(V')-equivariant graded Sym(V')-modules deegree-wise
polynomial in the Schur functors, where V- = Q{z,z1,...}. (To dis-
tinguish the two meanings of x;, we write the basis elements of V' as
dx;.) In fact, there is an equivalence between the category of generic
FI-modules (meaning the Serre quotient of F'I-modules over torsion
FI-modules) and a certain category of “quasi-coherent sheaves” on
P>°. Further it is easy to show that under this duality, M(L o

——

k
corresponds to the coherent sheaf QF of k-forms on Pg. In fact, this

statement for Mg 1) holds on the level of graded modules, if we

)
k

take the saturated model of QF.
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Integrally, this correspondence fails. Let us discuss briefly what hap-
pens in the above Theorem for k = 2. Rationally, on the Sym/(V)-
modules side, M) corresponds to the equivariant graded Sym(V)-
module S, defined as Ker(d) in the resolution
(55)

VE2 @ Opo(—2) 2> A2V © Opoe (=2) B V & Opoo(—1) — W

where W is torsion equal to V' in degree 1 and A?V in degree 2 and 0
elsewhere, and we have

x; s dz; — dx; Ndxy € W.

The first map (55) is a sum of the projection with the O = Q[zg, x4, . . . |-
module map given by

d$z‘ X d.??j — Ildlﬂj

Since the first two terms of the resolution have 0 local cohomology, we
see that this matches the result of Theorem 1.

Now integrally, if we still denote W = Coker(d) in (55), then W is
the same in degrees 1 and 2, but is equal to A"V/2 in degree > 3. If
we denote by A the graded Sym(V)-module where A,, = A"(V')/2 for
n € Ny, considered as a quotient of Sym(V'), then W coincides with A
in degrees > 3. We see that this object is spurious in the sense that it
is “Schur—-Weyl dual” to the constant Z/2 F'I-module, as is Sym(V')/2.

Now one can show that A has 0 local cohomology in the category of
graded Sym(V')-modules. (To see this, let, for a finite I C Ny, let N;
be the Sym(V)-module on monomials of the form

(56) Ty N Nt ]

where iy,...,i, & I, j. # is. Multiplication of (56) by a zx-monomial
which results in a monomial not of this form is 0. Then N; is injective,
torsion-free, and A has a “cube-like” resolution by N 13(;;11 e x;Nl where
I={iy < <ipn}).

Plugging in this computation of local cohomology, we actually get
that S,y has the same local cohomology as M, integrally. Similarly, for
k > 2 even, R3*T'S), will contain the part of the module A in degrees
<k-1.
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