ON WEIL RECIPROCITY IN MOTIVIC
COHOMOLOGY

SOPHIE KRIZ

ABSTRACT. Using Voevodsky’s derived category of motives, we
prove a reciprocity law in motivic cohomology of a smooth projec-

tive morphism of dimension 1 over a smooth scheme over a perfect
field.

1. INTRODUCTION

The norm map in Milnor K-theory was defined by Bass-Tate [3] and
Kato [10] by a reciprocity law stating that the sum of the norms of the
residues of a given element of the Milnor K-theory of the function field
of P} at closed points is 0 where k is a given field. This reciprocity also
holds for any smooth projective curve C' over k.

To be precise, Milnor K-theory of a field F' is defined as

Ky (F) =T(F*)/(a® (1 —a),a € F\A{0,1}),
where T' denotes the tensor algebra. We have residue homomorphisms
Or : Kt (F) — K} (kg)

for a discrete valuation ring R with residue field kg = R/mpg. As
explained in Bass-Tate [3], Ch I. §5 and Kato [10], the homomorphism
Or is uniquely determined by

(1) 9Or(aq,...,an) = vg(ay)(ag mod mg, ..., a, 1 mod mg)

for aq,...,001 € Of, 0, € F*, and we write (ay,...,a,) for the
image a; ® -+ - ® a, in K}, (F). The papers [3, 10] also defined, for a
finite extension F of a field k£, a norm homomorphism

Negw : Ky (E) = Ky (k),
which is uniquely determined by
(2) Z Nkp/kﬁRp(oz) = O € K;\L/[_l(k)
pEP;L

for all @ € K7, (k(z)) where p runs through closed points of P;.
1
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Theorem 1. ([8], Proposition 7.4.4) Let k be a field, C be a smooth
projective curve over k, and L = K(C') be the function field of C. Let
a€ Ki(L). Then

Z Nkp/kaRp(Cl/) =0e€ K}\I/[_l(k’),

peC

where R, is the discrete valuation ring with field of fractions L associ-
ated with a closed point p € C.

This can be proved by choosing a finite morphism C' — P} and using
the functoriality of the norm homomorphism with respect to finite field
extensions.

Kato [10] (Proof of Corollaries in §2.4, p. 647) remarked that a
similar statement is also true in Quillen K-theory. In a recent paper
[13], E. Musicantov and A. Yom Din proved reciprocity laws in Quillen
K-theory for varieties of higher-dimension.

The purpose of this note is to generalize Theorem 1 to a statement
about motivic cohomology of smooth schemes over a field. This work
originated from a suggestion of E. Musicantov and A. Yom Din [12] to
interpret Theorem 1 in terms of motivic cohomology.

Suppose k is a perfect field. Let f: C'— S be a smooth projective
morphism of dimension 1 where C, S are smooth varieties over Spec(k).
Let T' C C be a reduced closed subscheme of codimension 1 which is
generic over S (i.e. f(Spec(K(Q))) = Spec(K(S)) for every irreducible
component () of 7). When T is smooth over S, we can denote the
composition

HP(C N T) —2 HP+L(C,C \ T) L— HP~14-1(T)

where A is the connecting map of the long exact sequence in motivic
cohomology of the pair (C,C \ T and -y is the Gysin map ([7] Ch. 5,
also studied by Déglise [6]), by

Or : H?(C \T) — HP~ b~ 1(T).

In Definition 15 below, we will define, for a finite morphism ¢g : T — S
of smooth schemes over Spec(k), a norm map

N, = Nyys - HP(T) — HPI(S).

(We note the these norms are not directly related to the norms con-
sidered by T. Bachmann and M. Hoyois in [1]. Our norms are additive
and hence are group homomorphisms, while the multiplicative norms
considered in [1] are not.)
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Denote ® = Np/g 0 Op. When we do not assume that 7' is smooth
over k, we can generalize this construction using higher Chow groups
as follows: [11] Part 5 prove that we have

Hp,tI(X) = CHdim(X)—q(Xu 2q - p)

(see Definition 16 below), where the right hand side denotes higher
Chow groups. Now Bloch [4] defines a long exact sequence

CH,(C,m)

|

(3) CH,(C~\T,m)

|

CH.(T,m—1) — ...

..—CH,(T,m)

Also, Chow groups are covariantly functorial with respect to finite
morphisms. Thus, we can define ® as the composition

HPYC N T) — CHgim(s)4+1-¢(C N T, 2q — p)

iv

@ OHdim(S)—i—l—q(Tu 2q—p— 1)

ig*

prl,q71(5> -~ CHdim(S')+l—q(Sa 2(] — D 1)
The main result of this paper is the following

Theorem 2. We have
0=&: HM(C\T)— H171(9).

In the case when S = Spec(k), L = K(C'), an element of K},(L) =
H™"(Spec(L)), by definition, has non-zero residues at only finitely
many closed points py,...,p, € C, and Theorem 1 is a special case
by letting T = {p1,...,pm} C C for p = g = n. I prove at the end of
Section 3 that the direct definitions of 0,, Ng/, agree with the defini-
tions using motivic cohomology.

Note also that for C' as in Theorem 2, there in general does not exist
a finite morphism over S into P§ (although it exists locally), and thus
the proof of [8] for the case of a point does not immediately generalize
to the present setting. For completeness, we give a simple example in
the Appendix.
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In Section 2 below, I review the relevant foundations of the derived
category of motives, mainly following the book of Mazza, Voevodsky,

and Weibel [11]. The texts by Voevodsky [15] and Friedlander, Suslin,
Voevodsky [7] are also used. In Section 3, I prove the main result.

2. PRELIMINARIES: MOTIVES AND HIGHER CHOW GROUPS

In this section, we will give some definitions of concepts relating to
motives that will be used in the proof of Theorem 1. See [7, 11, 15] for
additional background information.

First, we will define the additive category SmCorg for S a smooth
scheme (we always mean of finite type) over a field k.

Definition 3. The objects of SmCorg are smooth schemes over S.
For XY smooth schemes over S, SmCorg(X,Y) is defined to be the
group of algebraic cycles on X XgY whose support is finite over X
(i.e. proper over X of relative dimension 0). Composition is defined
in ([11], Appendiz 1A).

Now we will define a notion that will be crucial for the remainder of
this paper.

Definition 4. For S a smooth scheme over a field k, define a presheaf
with transfers on S, or a PST, to be an additive functor

F: SmCorg? — Ab

(where Ab is the category of abelian groups and COP denotes the oppo-
site category of a category C').

Now, define PST(S) to be the category which has presheaves with
transfers as objects, and natural transformations between them as mor-
phisms. We now give the definition of a particularly useful example of
a presheaf with transfers:

Definition 5. Let S be a smooth scheme over k, and X be a smooth
scheme over S. The presheaf with transfers Z;,.(X) represented by X
1s defined by, for U € SmCorg,

2y (X)(U) = SmCorg(U, X).

As noted in [15], Section 2, Z;.(?) extends canonically to a func-
tor from presheaves of sets to presheaves with transfers, which is left
adjoint to the forgetful functor.

Let us define, for a presheaf with transfers I over S, Lres(F) as the
canonical left resolution (in the abelian category of presheaves with



MOTIVES AND WEIL RECIPROCITY 5

transfers) of I’ by direct sums of presheaves with transfers over S of
the form Z;.(X). Then we get a natural quasi-isomorphism

Lres(F) — F.
We have

Lemma 6. ([15|, Lemma 3.1) Let F,G be presheaves of sets over S.
Then there is a natural isomorphism

ZtT(F XS G) — Zt’l’(F) ® Zt’r‘(G)
]
Lemma 7. ([15], Lemma 3.3) Let K, K', L be complexes of presheaves

with transfers of the form @, Z-(X;) and K — K' be a quasi-isomorphism.
Then K ® L — K' ® L is a quasi-isomorphism.

O
Let K, L be complexes of presheaves with transfers. Then define
KXL:= Lres(K)® Lres(L).

By Lemma 7, X is the left derived functor of ® in the abelian category
PST(S).

Following [11], define
A" = Spec(k[zg, . .. ,xn]/(z xr; =1).

The jth face map 9; : A" — A™*! is given by the equation z; = 0.

Definition 8. ([11] Definition 2.14) Suppose F is a presheaf with trans-
fers on S. Define C,F to be the chain complex of presheaves with
transfers on S that takes U to

—=FUxA?)—=FUxAY —FU) —0,
where the arrows are alternating sums of face maps.

Definition 9. ([11] Definition 3.1) Define Z(1) to be the totalization
of the double chain complex of presheaves with transfers over S

CiZir(S) = CZu (G s)
(where Zy.(S) is in bidegree (0,0)). Define
@) Z(n) = Z()® - - B Z(1).

vV
n times
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(In fact, we could use @ instead of X in (4), but often, Z(n) is consid-
ered as an object of the derived category of presheaves with transfers,
in which case we must keep in mind that @ does not preserve equiva-
lences.)

Now we will discuss motives:

Definition 10. A presheaf with transfers F' over S is called a Nis-
nevich sheaf with transfers when its underlying presheaf is a sheaf on

the category of smooth schemes over S with the Nisnevich topology (see
[11], Lecture 13).

Now let Shy;s(SmCorg) be the category of Nisnevich sheaves with
transfers over S. Let D~ be the derived category of bounded below (as
chain complexes) complexes of Nisnevich sheaves with transfers with
respect to quasi-isomorphisms.

Definition 11. Let £y be the smallest full additive subcategory of D~
(1) which contains the cone of all morphisms of the form

(X x AY) = Z4 (X)),

(2) for any distinguished triangle
A— B— C— Al

wm D™, if two out of the three of the objects A, B,C are in &y,
so is the third,

(3) if A® B € &4, then A, B € Obj(Ey), and

(4) if A; € Obj(En), @ € I, and ®A; € Obj(D™), then ®A; €
Obj(Ep).

Let W, denote the class of morphisms in D~ whose cone is in £4. A
morphism in W, is called an Al-weak equivalence.

Definition 12. ([11], Lecture 14) The triangulated category of motives
DMII™(S) = D=[W; Y] over S is defined to be the localization (i.e.
derived category) of D~ with respect to A'-weak-equivalences.

Remark 13. By Remark 14.7 of [11], we may equivalently define
DML (8)

as the full subcategory of D~ on objects of the form C,(K) for a bounded
below chain complex K of Nisnevich sheaves with transfers. (Strictly
speaking, C.(K) is a double chain complex; we mean its totalization.)
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If X is a smooth scheme over S, we write M (X) for the class of
Zy,(X) in DMS77(S), and call it the motive of X .

Definition 14. ([11] Lecture 14) The category DM ~(S) is obtained
from DMeff’_(S), by inverting the Tate operation

T:Mw— M(1)=MRZ(1).

If we choose a model of T which is injective on objects, this may be
taken to be the colimit, in the category of categories, of the sequence

DMl (S) —— DM{l(8) —— ...

There are also unbounded versions of these categories which we
will denote by D, DM (S) = D[W; Y], DM(S) where D is the de-
rived category of unbounded chain complexes of Nisnevich sheaves with
transfers with respect to quasisomorphisms. (For the construction of
an unbounded derived category of an abelian category with enough in-
jectives see [9].) Remark 13 also remains true if we replace “bounded
below” by “cell”. A cell object is a chain complex of Nisnevich sheaves
with transfers of the form

C' = colim C,)
where C(gy = 0 and C(;,41) is the mapping cone of a morphism
C*(Km) — C(m)

where K, is a bounded below chain complex of Nisnevich sheaves with

transfers. The category DMfV{Jsc (S) is a full subcategory of the category
DM(S).

One defines motivic cohomology of a smooth scheme X over a ground
field k by

H™™(X) = H"(X, Z(m))

where the right hand side denotes sheaf cohomology in the Nisnevich
(or, equivalently, Zariski) topology on X. (Strictly speaking, then, we
are restricting the sheaf Z(m) to X; see [11] Lecture 3). One can also

define A(m) for any abelian group of coefficients A. In this paper, the
coefficients will be Z unless specified otherwise. Equivalently, this is

RHom™(Z,7Z(m))

in the category DM~ (X) (see [15]). For M € Obj(DM (X)), we may
put, more generally,

H?(M) = RHom™(Z, M).
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Now we will define the norm map
Ng = Nrys - HY(T, Z(q)) — H"(5,Z(q)),
for g : T'— S a finite morphism of smooth schemes over Spec(k). By
[11] Lecture 2, page 13, we have a canonical transfer morphism
Cor(U xgT,GF x A*) — Cor(U,GF x A®).
Thus, we get a morphism of complexes of Nisnevich sheaves

9:Z(q)r — Z(q)s-

It is known that in the Nisnevich topology, the pushforward along finite
morphisms is exact. Also, by [11], Lecture 13, Zariski and Nisnevich
cohomology of smooth schemes with coefficients in Z(q) agree.

Definition 15. The norm map N, = Nr/s is defined to be the compo-
sition

HP (T, Z(q)) — Hy; (T, Z(q)) — Hy;,(S, 9.Z(q))

|

HR (S, Z(q)) —— H?(S, Z(q)).

Definition 16. ([5]) Let X be a separated, reduced scheme of finite type
over Spec(k) (not necessarily smooth). Let Z;(X,m) be the free abelian
group on dimension i +m subvarieties of X x A™ which intersect with
all faces X x AJ properly for j < m (properly means in a subscheme
of dimension <i+ j).

Let O : Z;(X,m) — Z;(X,m — 1) be the map given by intersection
with the ith degree (which is well defined, since the faces are effective
Cartier divisors). Define

by d = > (—1)k0y. This defines a chain complex
Zi(X): . s Z(Xom) — % Z(X,om - 1) ... —L Z(X,0)
Define CH;(X, m) := H,,,(Z;(X)).

Theorem 17. ([11), Part 5): If X is a smooth scheme over k, then
we have a canonical isomorphism

Hp7q(X) = CHdim(X)fq(Xa 2q - p)
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3. PROOF OF THE MAIN RESULT

Recall that k is a perfect field, f : C' — S is a smooth projective
morphism of dimension 1 where C, S are smooth varieties over Spec(k),
and T" C (' is a reduced closed subscheme of codimension 1 which is
generic over S (i.e. f(Spec(K(Q))) = Spec(K(S)) for every irreducible
component ) of T).

Proof of Theorem 2. We will be using the diagram

C\T-—-——=C
(5) \ |1
f
S.
We have the derived functors

f* : DMC\T — DMS

and B
f>|< : DMS — DMC\T.

The functor f* preserves X, and we have a projection formula for F €
Obj(DMs), G € Obj(DMc-.r)

J(J(F)RG) = FRL(G).
(In a very general context, this is proved in [2].) We will use this for

F=7Z(q—1),G =7Z(1). Thus, we have

HP(C N\ T) = HE(Z(q — 1) B f.(Z(1))).
Now, by [11], Thm. 4.1, we have a canonical equivalence between
(6) Z(1) —= Gp[-1] .

More precisely, on the right hand side, we mean the motive associated
with the PST G,, shifted by —1. By Diagram (5), (and the fact that
Z(n), G, are preserved by pullbacks), we have the canonical morphisms
of motives

FAZ(1) — [(Z(1))

f*(Gm> - f*(Gm) :
As PST’s, we have

f*(Gm)(U) = {U Xg OHGm}

(7) F(C)(U) = {U x5 (C\T) L= Gy} -
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From Diagram (5), we get a morphism of motives over C'

Fo(Gr) —= Fu(Gp). -

which on the level of PST"s, is given by restricting an invertible regular
function on U xg C to U xg (C' . T). Thus, we have a distinguished
triangle

(8) F—— f.Z(1) — f.(Z(1)) —>> F[1]

In other words, F' is the mapping co-cone (or “derived kernel”) of
f+Z(1) — f.Z(1). Then the connecting map
A: HPY(CNT)—— HHY(C,C\T)

is induced by Z(q¢—1)Xd. Now, we will give a geometric interpretation
of the map d in (8): In (7), h € K(U x5 C), where K(U xg C) is the
field of rational functions on U xg C. Thus, we have the divisor

(9) Div(h) =Y wa(h)D € Z/(U x5 C) = f(Z")(V),

where Z1(U xg C) is the free abelian group on the set of closed codi-
mension 1 subvarieties of U x g C. If Div(h) is a section of

ker(Z,(C) — Zy,(C N T)),

(and thus represents a section of F[1]), since it vanishes when restricted
to U xg(C\T), it only contains summands of the form U x ¢ where @
is an irreducible component of T'. Adding their coefficients, multiplied
by the degrees of the finite morphisms ) — S, defines a degree map

(10) ker(Zuy (C) — Zyp(C N T)) —2- 7.
Recall (Definition 5) that Zg = Z¢.(S). Now, (10) induces a map (see
(8))
(11) F—1z[-1],
and (recalling that tensoring with Z[—1] shifts cohomological degrees
by (=2, —1)), by applying Z(q — 1)X7? in the category DMs to (11), we
get a map

W HPPH(C,C N T) — HPH1(S).
Lemma 18. We have

YPoA=>&: HM(C\T) — HH1(S).
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Lemma 18 easily implies our claim. For h € K(U xg C'), we have
deg(Div(h)) =0,

(looking, for example, at the fiber of a regular value of the projection
T — S), and thus, by the fact that ¢ (and A) can be obtained by
doing the construction on Z(1) and applying Z(q — 1)X?,

YoA=0,

thus proving our assertion.

Proof of Lemma 18: We need to show that taking the map (11), com-
posing with ¢ and applying Z(q — 1)K? induces ® on motivic cohomol-
ogy. Now in identifying (11), we used (6), interpreting divisors of the
appropriate kind as rational functions. When applying Z(q — 1)X?, we
no longer have divisors, but algebraic cycles. From the point of view
of (3), the starting data can be a higher algebraic cycle on T', of which
both maps take the multiplicity over S (calculated by taking the degree
of the extension in function fields). Thus, the statement is essentially
a tautology. O

This completes the proof of Theorem 2.
O

By [11], Theorem 5.1, for a field F', we have a canonical isomorphism
Kj(F) = H""(Spec(F))

where the right hand side denotes motivic cohomology. The following
two lemmas link our setup to more classical constructions.

Lemma 19. The following diagram commutes:

A

H™"(Spec(L)) H™ (O Spec(L))

(12) o L (Spec(Ocy), Spec(L))
Hrtnd (Spec(kp)),

where H™™ denotes motivic cohomology and the unlabeled vertical arrow
is restriction, where 0, is defined by (1).

(Note: One extends the definition of motivic cohomology to Spec(Oc¢,)
by taking colimits.)
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Proof. Clearly, the composition of the top vertical and horizontal map
of (12) can also be written as

H™"(Spec(L)) B H™ b (Spec(Ocyp), Spec(L))
(13) |
H= 1= Spec(ky)),

where A, is the connecting map of the long exact sequence correspond-
ing to the inclusion

Spec(L) C Spec(Oc,).

This is known to be a map of H*(Spec(O¢,))-modules. One has ([11],
Theorem 4.1)

Hl’l(Spec(OC,p)) = HO(Spec(OC,p), Gn) = (’)ap.

By definition, 0, is also multiplicative with respect to O(le‘ Thus, it
suffices to verify the commutativity of (12) for n = 1. This is a classical
fact. O

Lemma 20. The following diagram commutes:

H™"(C, Spec(L))

@, H 1 (Spec(O¢,), Spec( 4
lw
@pHn—l,n—l(Spec(kp)) SNe Hn_l’n_l(Spec(k))

where the vertical arrows are as in (12), and Ny, is defined by (2).

Proof of Lemma 20: Fix a closed point p € C. Analogs of (10) and
(11), and hence also an analog 1, of ¢ can be defined with C' replaced
by Spec(Oc¢,). Thus, it suffices to consider the diagram

H" b (Spec(Ocyp), Spec(L))

(14) Wl K

H™171(Spec(ky)) H™11(Spec(k)).

Nip /i
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By motivic purity (see e.g. [6]), up to equivalence, (= in this derived
category), the motive represented by the complex

Zy(Spec(L)) — Zy(Spec(Ocp))

does not depend on C, in a way compatible with v and ,. Thus,
it suffices to consider the Diagram (14) for C' = P!, in which case it
follows from the fact that Theorem 1 is by definition true for C' = P*,
and this characterizes Ny, /x. O

4. APPENDIX

It is easy to construct examples of schemes S, C' as in Theorem 2 for
which there does not exist a diagram

C N S x P!
(15) l l
S = S

with f finite, where p; is the projection to the first factor. Let k£ = C.
Let v be a line bundle over S. Consider P(y @ 1), the associated
projective bundle of v @ 1 over S. Let H,(7), H*(?) denote singular
homology and cohomology with coefficients in Q. We have

H*(P(y& 1)) = H*(S)[u)/(u(u + c1(7)))
where ¢;(v) € H?(S) is the first Chern class of . Let
H*(PE) = Qla]/(z"+).
Now, let S = P2. Denote by 7 a line bundle over S with ¢;(y) = z.
By definition,
H'(P(y® 1)) = H'(S)[u]/(u(u+ ar(7))) = Qlz, ul/ (2%, u(u + x)).
Now, assume we have a finite morphism
fiP(y®1) = P x P?

over P2. Let 3 be a generator of the second homology of ; x {z} where
x is a closed point with coefficients in Q. Let o be a generator of the
second singular homology of the fiber Z of P(y @ 1) over x. Then f
restricts to a finite morphism Z — P! x {z}, and hence f.a = nf,
n # 0.

We have

H*(P* x P') = Q[z]/(2%) ®q Ql/(v*) = Qlz, v]/ (a7, v*).

Now

0# (nf,v) = (fua,v) = {a, fv).
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So, f*v # 0. However, v? = 0, so (f*v)?> = 0. So, there exist an m € Q
and k, ¢ € Q, not both zero, with

(16) (kx + (u)* = mu(u + ).
Then
0= (kx+u)* —m-ulu+z)=
= k%2 4 2klzu + (Pu® — mu® — mau.
Note that on the right hand side of (16), there is no 22, so k*z* = 0.
Thus k? = 0. Since k € Q, k = 0.
So, since

0 = *u? — mu® — mau,

(17) u? = mu® + mau.

Since there are no zu’s on the left hand side of (17),

mau = (
m = 0.
So, ?u? = 0. So, £2 = 0. Since ¢ € Q,
(=Fk=0.
Contradiction.
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