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Abstract. We prove the equidistribution of non-central commu-
tators in symplectic groups over finite fields of odd characteristic.

1. Introduction

The commutator map is an object of significant interest in finite
group theory. For example, one of the most celebrated results of the
area is the proof by M. Liebeck, E. O’Brien, A. Shalev, and P. H. Tiep
[8, 11] of the Ore conjecture, stating that for a finite non-abelian sim-
ple group, the commutator map is surjective (see [12]). However, in
many cases, e.g. the finite reductive groups, the distribution of the
commutators still remains mysterious, especially in the case of unipo-
tent elements with large centralizers (see [6, 7, 14]). In this paper,
we use the method of Frobenius sums to prove the equidistribution of
non-central commutators in symplectic groups of a fixed rank over an
increasing field, proving a conjecture of A. Shalev (see Conjecture 1.11
of [13]). This result is perhaps surprising, given the fact that an analo-
gous equidistribution result for other groups is false in general (Shalev,
Tiep [14], with a correction by Deligne [1]).

To be more specific, we recall the method of Frobenius sums: In
this paper, we consider finite-dimensional complex representations ρ of
finite groups G. For an element g ∈ G, we write χρ(g) for the character

value of ρ at g (i.e. the trace of g’s action on ρ). We write Ĝ for the
set of irreducible (non-zero) G-representations.

Then, for an element of a finite group g ∈ G, the number of pairs
(x, y) ∈ G×G such that xyx−1y−1 = g can be calculated as the group
order multiplied by the Frobenius sum:

(1) |{(x, y) ∈ G×G | xyx−1y−1 = g}| = |G|
∑
ρ∈Ĝ

χρ(g)

dim(ρ)
.

In particular, we see the trivial element is always produced in the max-

imal number of ways, with (1) outputting |G| · |Ĝ|. We also note that
the summand of (1) corresponding to the trivial representation ρ = 1
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is always |G|, independent of g. In particular, the terms in (1) which
actually depend on g sum to

(2)
∑
ρ ̸=1∈Ĝ

χρ(g)

dim(ρ)
,

which we call the reduced Frobenius sum. We can also then see that
the commutators are fairly evenly distributed if (2) is very small for
all elements excluding a small number of outlier cases like g = I, since
this would give about |G| = |G×G|/|G| pairs per generic choice of g.
Our main result can then be stated as the following

Theorem 1. Fix an odd prime power q and fix a non-central element
g ̸= ±I in Sp2N(Fq). The reduced Frobenius sum for g is then o(1)
with respect to q:

(3) lim
q→∞

∑
ρ ̸=1∈ ̂Sp2N (Fq)

χρ(g)

dim(ρ)
= 0

(we consider this limit and all others in this paper to be over a sequence
of prime powers qni such that ni|ni+1 and every natural number divides
an eventual nj).

Corollary 2. The number of pairs (x, y) ∈ Sp2N(Fq)× Sp2N(Fq) such
that xyx−1y−1 = g, divided by the group order |Sp2N(Fq)|, converges
to 1 as q tends to ∞ as a natural number, uniformly in all odd prime
powers q and all elements g ∈ Sp2N(Fq)∖ Z(Sp2N(Fq)).

Proof. (P. Deligne) Recalling (1), the vanishing (3) of the reduced
Frobenius sum immediately implies the claimed convergence as n in-
creasese multiplicatively in the sense of Theorem 1.

Now let us consider the commutator map

c : Sp2N × Sp2N → Sp2N

as a map of schemes over Fq. Denote the fiber at each point g ∈
Sp2N(Fq) by Xg. The convergence obtained from Theorem 1 can in-
stead be interpreted in terms of the number of points in Xg over each
Fqn , stating that for g ̸= ±I, |Xg(Fqn)|/qn dim(Sp2N ) tends to 1 as n in-
creases in the same multiplicative sense as in Theorem 1. This is then
equivalent to Xg×Spec(Fq) Spec(Fq) having exactly 1 irreducible compo-
nent of dimension equal to dim(Sp2N) = 2N2 +N (and no irreducible
components of higher dimension) for all non-central g ∈ Sp2N(Fq).
Given this, the constructibility of Ric!Qℓ on Sp2N over Spec(Z) implies
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the statement using the Leray spectral sequence with compact supports
and the Lefschetz Theorem. □

The situation at g = −I is described by the following

Proposition 3 (P. Deligne). For q an odd prime power, the number
of pairs of Sp2N(Fq) elements whose commutator is −I is

q⌊N/2⌋ +O(q⌊N/2⌋−1).

Proof. For any finite group G and g ∈ Z(G), the number of pairs
(x, y) ∈ G2 where xyx−1y−1 = g is equal to |G| times the number of
conjugacy classes of elements c ∈ G such that c is conjugate to cg. This
follows since

xyx−1y−1 = g

is equivalent to
x−1 = y−1(x−1g)y.

Therefore, for each conjugacy class (c) such that c and cg are conjugate,
we get

|G| = |(c)| · |ZG(c)|
choices of (x, y) (where ZG(c) denotes the centralizer of c in G), by
choosing x−1 to be any element of the conjugacy class (c), in which
case |ZG(c)| is exactly equal to the number of choices of y conjugating
x−1 to x−1g.
For G = Sp2N(Fq) and g = −I, to be conjugate to cg = −c, c must

have a characteristic polynomial P which is monic and self-reciprocal,
satisfying P (z) = −P (z). There are q⌊N/2⌋ such polynomials. The frac-
tion of such polynomials corresponding to semisimple elements without
repeated eigenvalues is 1−O(1/q), while the others contribute a lower
power of q. This gives the claimed statement.

□

Our strategy of proof is to separate off the sum of character ratios
corresponding to a certain special class P of primitive representations,
rewriting the left hand side of (3) as the limit of two partial sums

(4)
∑
ρ∈P

χρ(g)

dim(ρ)
+

∑
ρ∈ ̂Sp2N (Fq)∖P

χρ(g)

dim(ρ)
.

A key property of P is that the number of irreducible representations
is constant with respect to q (and therefore to prove the vanishing
of the first sum in (4), it suffices to prove each individual character
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ratio χρ(g)/dim(ρ) vanishes for ρ ∈ P). On the other hand, the non-
primitive representations can be reduced using Deligne-Lusztig induc-
tion.

To define the class of primitive irreducible representations, we recall
that for a finite reductive group G(Fq), the irreducible representations
can be classified according to the data of a semisimple conjugacy class
(s) in the dual group G∗(Fq), a unipotent irreducible representation u
of (the dual of) the identity component of s’s centralizer, and possible
additional data in cases when G or Z(G) is disconnected. The primitive
irreducible representations are then defined as follows:

Definition 4. Consider a finite reductive group G(Fq). We say an irre-
ducible G(Fq)-representation ρ is primitive if the semisimple conjugacy
class (s) in the dual group G∗(Fq) which is a part of the classification
data of ρ has only ±1 eigenvalues (i.e. s2 = I). We write PG for the
set of irreducible primitive G-representations (we omit the subscript
when G is fixed).

Equivalently, primitive irreducible representations are precisely those
appearing with non-zero coefficient in the Deligne-Lusztig inductions
of torus characters with trivial squares. For example, every unipotent
irreducible representation is primitive, and in the case of G a symplec-
tic group, the oscillator representation pieces are also primitive. We
also note that, like the unipotent representations, the number of primi-
tive irreducible representations, say of Sp2N(Fq) or On(Fq,±), does not
depend on q (recall that we assumed q odd).
For a finite field Fq, consider the finite symplectic group Sp2N(Fq)

with respect to the standard symplectic form(
0 −IN
IN 0

)
.

We also now introduce the notation

(5) ι[B] :=

(
IN B
0 IN

)
defined by symmetric N × N matrices B. We call these elements the
advections and call ι[B] a simple advection if B has rank 1. Two such
elements ι[B] and ι[B′] are conjugate in Sp2N(Fq) if and only if B and
B′ define equivalent symmetric bilinear forms on FNq . The elements
ι[B] in Sp2N(Fq) form the Siegel unipotent subgroup. The advections,
and especially the simple advections, turn out to be the most difficult
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cases of g for Theorem 1 and will be specially studied in all steps of
the proof .

Our proof of Theorem 1 is organized as follows: First, we will prove
that the contribution of the non-primitive representations in (4) has
negative q-degree (see Theorem 7). The strategy is to split off a single
type A (which we consider to include both the general linear groups
and the non-split unitary groups) factor from the centralizer of the
semisimple data of a non-primitive irreducible representation. The non-
primitive representation can then be expressed as the Deligne-Lusztig
induction of a representation of the Levi subgroup corresponding to
the A-type factor, in which case we find a recursive formula for the
character ratio of a Deligne-Lusztig induction. This is done in Section
3.

Since the number of primitive representations is constant, this re-
duces Theorem 1 to the claim that each individual character ratio for
a primitive irreducible representation at a fixed non-central element is
o(1). In fact, this applies more generally and the individual character
ratio of any non-trivial irreducible Sp2N(Fq)-representation at a non-
central element is o(1) with respect to q (see Theorem 11). The proof
of this is done in Section 4.

2. Set-Up

The purpose of this section is to recall the classification of irre-
ducible representations for symplectic groups and state some set-up
results. Specifically, the main purpose of this section is to recall the
consistency of Lusztig classification data with Deligne-Lusztig induc-
tion from a Levi subgroup. We also note a special property of the
primitive irreducible representations introduced above.

2.1. Notation for semisimple elements. We begin with some no-
tation we will use in our discussion of the semisimple conjugacy class
data. For a cyclic multiplicative group µn, let us fix an identification of
µn with its Pontrjagin dual, writing ψa for the character associated to
a ∈ µn. In GLr(Fq) = U+

r (Fq), for a choice of λ ∈ F×
qr not in any lower

field extension, we write A+
λ for the semisimple matrix with eigenvalues

(6) {λ, λq, . . . , λqr−1}
(in Fq). Its centralizer is

ZU+
r (Fq)(A

+
λ ) = U+

1 (Fqr) = F×
qr .
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Similarly, in U−
r (Fq), for a choice of λ ∈ µqr+1 (considered as the norm

one elements of F×
q2r) not in µqr′+1 for any r′ < r, we write A−

λ for the

semisimple matrix with eigenvalues (6) in Fq, with centralizer

ZU−
r (Fq)(A

−
µ ) = U−

1 (Fqr) = µqr+1.

We also write A±
λ for these elements’ images under the embedding of

U±
r (Fq) in a symplectic or orthogonal group of rank r.

Now consider a semisimple conjugacy class (s) ∈ SO2N+1(Fq) =
Sp∗

2N(Fq). We may choose the representative (s) of the form

s = I2p+1 ⊕ (−I2ℓ)⊕
⊕
i

(A±
λ )

⊕ni

for λ in F×
qri or µqri+1 (and not for a lower field extension) such that

the ranks add up, i.e. N = p + ℓ +
∑

i niri. Its centralizer is then of
the form

(7) Z(s) = SO2p+1(Fq)×O±
2ℓ(Fq)×

∏
i

U±
ni
(Fqri ),

with identity component

(8) Z(s)◦ = SO2p+1(Fq)× SO±
2ℓ(Fq)×

∏
i

U±
ni
(Fqri ).

2.2. Lusztig classification data for a symplectic group. The ir-
reducible representations of Sp2N(Fq) are then indexed by the data of

(1) A semisimple conjugacy class (s) ∈ SO2N+1(Fq).
(2) A unipotent representation u of Z(s)◦ obtained as a tensor prod-

uct of symbols of each factor of (7) (allowing the non-irreducible
degenerate symbol of the D-type factor in (8), if it occurs).

(3) If Z(s) is disconnected (in which case s has −1 eigenvalues and
Z(s)/Z(s)◦ = Z/2) and the corresponding D-type symbol fac-
tor of u is non-degenerate, then the induction of u decomposes
into two pieces

Ind
Z(s)◦

Z(s) (u) = u+ ⊕ u−

In this case, we also must choose sign data determining a sum-
mand of this induction. Otherwise, no additional data is needed
and (s), u specify an irreducible representation of Sp2N(Fq).

For such (s), u, and possible sign data ±, we write rSp2N [(s), u,±] for
the corresponding irreducible Sp2N(Fq)-representation.
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2.3. Splitting off a type A factor of a centralizer. Consider an
irreducible Sp2N(Fq)-representation corresponding to the data of (s), u,
and possible sign data ±. Suppose (s) ∈ SO2N+1(Fq) can be expressed
as

s = s′ ⊕ (A±
λ )

⊕n

for a choice of λ ∈ µqr∓1 (and not for any lower field extension) and

a semisimple element s′ ∈ SO2N ′+1(Fq) in which λ, λq, . . . , λq
r−1

are
not eigenvalues. In particular, N − N ′ = rn and we may factor s’s
centralizer in SO2N+1(Fq) as

(9)
ZSO2N′+1(Fq)(s

′)× U±
n (Fqr) =

ZSO2N′+1(Fq)(s
′)× ZU±

n (Fqr )
((A±

λ )
⊕n).

Let us correspondingly factor the unipotent data u as u = u′ ⊗ uU±
n

where u′ is a unipotent representation of the centralizer of s′ and uU±
n

is a unipotent irreducible representation of U±
n (Fqr). We may consider

the Sp2N ′(Fq)-representation
rSp2N′ [(s′), u′,±]

and the U±
n (Fqr)-representation

uU±
n
⊗ ψλ(det).

It turns out that the original representation of Sp2N(Fq) can be re-
covered from these two by taking their tensor product and applying
Deligne-Lusztig induction.

Specifically, s’s centralizer (9) is a subgroup of L(Fq) = SO2N ′+1(Fq)×
U±
n (Fqr), and in fact, we see that

ZSO2N+1(Fq)(s) = ZL(Fq)(s).

The group L(Fq) can be considered the fixed points of the standard

Levi subgroup L = SO2N ′+1 × (GLn)
r over Fq under a twisted (when

r > 1 of the sign ± is −) Frobenius. In this case, writing L∗ for the
dual Levi subgroup of Sp2N , the Deligne-Lusztig induction RL∗

Sp2N
from

this Levi subgroup with respect to the corresponding twisted Frobenius
to Sp2N(Fq) constructs the representations

rSp2N [(s), u,±] =

±RL∗
Sp2N

(rSp2N′ [(s′), u′,±]⊗ (uU±
n
⊗ ψλ(det)))

(see Theorem 7.1 (iv) and (vii) of [2]), with the sign ± arranged so that
the right hand side has positive dimension. We write

|RL∗

Sp2N
(rSp2N′ [(s′), u′,±]⊗ (uU±

n
⊗ ψλ(det)))|

for this sign multiple.
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Comment: While it is tempting to work with a Levi factor with
Frobenius fixed points

SO2N ′+1(Fq)× U±
nr(Fq)

instead of the Levi factor in Sp2N described above since it has a simpler
twisted Frobenius, this cannot be used in general since for r even, the
non-split unitary group over the field extension is not a subgroup of
any type A group over Fq of rank nr

U−
n (Fqr) ⊈ U±

nr(Fq),
(though we may pass through this simpler Levi factor in the split case,
since we do always have

GLn(Fqr) ⊆ GLnr(Fq)).

2.4. A property of the primitive representations. We also see
that the character values of a primitive irreducible representation are
independent of the specific values of the eigenvalues other than ±1 of
an input element. To state this precisely,

Definition 5. Consider G a symplectic or (special) orthogonal group
over Fq. We say two conjugacy classes (g), (g′) ∈ G have the same type
if, considering their Jordan decompositions into commuting semisimple
and unipotent factors g = gs · gu, g′ = g′s · g′u, the semisimple parts gs,
g′s have the same multiplicities of ±1 eigenvalues,

Z(gs) ∼= Z(g′s),

and there exists a bijection φ from the eigenvalues of g to the eigen-
values of g′ such that φ(±1) = ±1 and the unipotent summands gλu
and g′u

φ(λ) corresponding to each eigenvalue coincide. This defines an
equivalence relation on conjugacy classes, and we denote the equiva-
lence classes by [g].

In particular,

Lemma 6. For a unipotent irreducible representation ρ of a finite re-
ductive group G, if conjugacy classes (g) and (g′) have the same type,
then

χρ(g) = χρ(g
′).

For a primitive irreducible G-representation ρ, if conjugacy class (g),
(g′) have the same type, then

|χρ(g)| = |χρ(g′)|.
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3. Recursion Using Deligne-Lusztig Induction

The purpose of this section is to prove the cancellation of character
ratios of non-primitive irreducible representations of Sp2N(Fq) at all
non-central elements.

Theorem 7. For a non-central element g ̸= ±I ∈ Sp2N(Fq), the char-
acter ratio sum over non-primitive irreducible representations is o(1)

lim
q→∞

∑
ρ∈ ̂Sp2N (Fq)∖P

χρ(g)

dim(ρ)
= 0.

To prove this, let us introduce the following notation, which we will
use throughout this section:

Fix a symplectic group Sp2N(Fq) and a non-central g ̸= ±I ∈ Sp2N(Fq).
For a choice of N ′ < N , fix also an irreducible representation ρ′ (which
may be trivial) of Sp2N ′(Fq) and a choice of natural numbers such that
nr = N −N ′. Let us write (s′) for the semisimple data in SO2N ′+1(Fq)
corresponding to ρ′ and consider

µgen
qr±1 = {λ ̸= ±1 ∈ µqr±1 | λ is not an eigenvalue of s′}/ ∼

under the equivalence relation where λ ∼ λ′ when A±
λ and A±

λ′ are
conjugate. We may consider the Levi factors L± ⊆ Sp2N with respect
to choices of Frobenius maps giving fixed points

L±(Fq) = U±
n (Fqr)× Sp2N ′(Fq).

For a unipotent irreducible representation u of type A and rank n, we
consider U±

n (Fqr)-representations uλ := u⊗ ψλ(det).

Proposition 8. Given the above notation, the q-degree of the sum of
the character ratios

(10)
∑

λ∈µgenqr−1

χ
RL+

Sp2N
(ρ⊗uλ)

(g)

dim(RL+

Sp2N
(ρ⊗ uλ))

+
∑

λ∈µgenqr+1

χ|RL−
Sp2N

(ρ⊗uλ)|
(g)

dim(|RL−
Sp2N

(ρ⊗ uλ)|)

is strictly less than 2(nr −N) or strictly less than the q-degree of one
of the character ratios of ρ′

degq(
χρ′(g

′)

dim(ρ′)
)

at some non-central element g′ ∈ Sp2N ′(Fq).

Given this proposition, we can conclude the vanishing of the sum of
character ratios for non-primitive irreducible representations:
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Proof of Theorem 7. As described in Subsection 2.3, every represen-
tation ρ whose semisimple data (s) has a centralizer with connected
component of the form

(11) U±
n1
(Fqr1 )× · · · × U±

nk
(Fqrk )× SO2m+1(Fq)× SO±

2ℓ(Fq)

can be constructed from a primitive irreducible representation ρ′ by a
process of k steps, where at each step the previous result is tensored
with (ui)λ for ui an irreducible unipotent representation of A-type and
rank ni and λ ∈ µqri∓1, and then Deligne-Lusztig induction is applied
to obtain a representation of the symplectic group of rank n1r1 + · · ·+
niri + m + ℓ. Therefore, by the recursive behavior of the character
ratios for Deligne-Lusztig inductions claimed in Proposition 8, we find
that the sum of the character ratios at g of all such ρ obtained in this
way for a fixed choice of (11) and ui (over all possible choices of signs
in the superscripts of each factor of (11) and all choices of λi) vanishes
as q goes to infinity. Since the number of choices of subgroups H (up to
isomorphism), irreducible unipotent representations ui, and primitive
irreducible representations ρ′ does not grow with q, the sum of all these
contributions is still o(1) with respect to q, giving the claim.

□

The purpose of the remainder of the section is to prove Proposition
8. It is organized as follows: We begin with the case of N − N ′ = 1,
n = 1, and r = 1, where the corresponding Levi factors have Fq-points
U±

1 (Fq) × Sp2(N−1)(Fq). We focus on the case of (signed) advections
g = ±ι[B] (recalling the notation (5)), with a special focus on the
simple advection where B has rank 1. In fact, it will turn out that
±ι[B] for B of rank 1 are the only cases of g where the bound of
Proposition 8 is strict and cancellation between the different Deligne-
Lusztig inductions in (10) is needed, making it the key case to discuss
in the entirety of the proof. The case of N − N ′ = 1 is concluded in
Subsection 3.1.

Next, we similarly consider the generalization to N − N ′ = nr for
n = 1 and r > 1, where the Levi factors have Fq-points U±

1 (Fqr) ×
Sp2(N−1)(Fq). This is done in Subsection 3.2.
Finally, all that remains are cases of N − N ′ = nr for n > 1 and

r > 1. No cancellation is needed in these cases, even for the simple
advections. This is discussed in Subsection 3.3, concluding the proof
of Proposition 8.
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3.1. Splitting off a rank 1 factor over Fq. We may approach the
case of L+ using elementary methods since it is a case of Harish-
Chandra induction. In the case of L−, we proceed by comparing the
Deligne-Lusztig variety with the case of the Drinfeld curve.

Proof of Proposition 8 for n = r = 1. We begin with the case of N ′ =
N−1 and the case of ι[B]. The case of−ι[B] is entirely similar, with the
result of (10) at the signed advection being equal to a sign multiple of
(10) at the true advection ι[B] (depending on the input representation
ρ′). In the case of g = ι[B], (10) is

(12)
∑

(λ)∈µgenq−1

χ
RL+

Sp2N
(ρ′⊗ψλ)

(ι[B])

dim(RL+

Sp2N
(ρ′ ⊗ ψλ))

+
∑

(λ)∈µgenq+1

χ|RL−
Sp2N

(ρ′⊗ψλ)|
(ι[B])

dim(|RL−
Sp2N

(ρ′ ⊗ ψλ)|)
.

Since every ι[B] is unipotent, we can see that the character value of
each summand of (12) will not depend on ψ, meaning that we must
directly estimate each individual character ratio

χ|RL±
Sp2N

(ρ′⊗ψ)|(ι[B])

dim(|RL±
Sp2N

(ρ′ ⊗ ψ)|)

and multiply the results by the number of possible ψ in the split and
non-split cases (which are both q/2 plus a constant not depending on q).
Our method is to show that the character ratio of these Deligne Lusztig
inductions can be computed according to certain recursive formulae
applied to character ratios of the input representation (see (16) and
(32)). This can be done elementarily in the case of the split Levi
factor L+, but requires computations with Deligne-Lusztig varieties in
the case of the non-split Levi factor L−, so we argue the two cases
separately.

We from now on specifically consider the advection ι[B] for B the
diagonal matrix Ik ⊕ 0N−k:

(13)



1
. . .

1
0

. . .
0



 kN − k

We denote this N ×N matrix by Ik⊆N = Ik ⊕ 0N−k. (We only fix this
to simplify notation, and we will describe the situation for the general
case of B when it differs.)
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The case of GL1(Fq): The Deligne-Lusztig variety is discrete for
the split Levi factor L+, and the induction is just the Harish-Chandra
induction

(14) RL+

Sp2N
(ρ′ ⊗ ψ) = IndP1

Sp2N (Fq)
(ρ′ ⊗ ψ)

where P1 is the maximal parabolic subgroup (over Fq) with Levi factor
Sp2(N−1)(Fq) × GL1(Fq). The character of an induction can be calcu-
lated as

(15) χIndHG (ρ′)(g) =
∑

x ∈ G/H,
x−1gx ∈ H

χρ′(x
−1gx).

To apply this to compute the character of (14), write Λ1 for the La-
grangian subspace preserved by P1. The condition of x ∈ Sp2N(Fq)/P1

satisfying x−1ι[B]x ∈ P1 is equivalent to asking that ι[B] preserves the
space xΛ1, i.e. that xΛ1 is contained in the 1-eigenspace E1(ι[B]) =
F2N−k
q of ι[B]. These x’s are then identified with the space of lines in
E1(ι[B]), of which there are a total of

q2N−k − 1

q − 1
.

For x corresponding to a line L ⊆ E1(ι[B]), we must compute the
character of ρ′ ⊗ ψ on the (Levi factor component) of the conjugate
x−1ι[B]x. The Sp2(N−1)(Fq)×GL1(Fq) component of x−1ι[B]x is of the
form

(ι[B′])× (1) ∈ Sp2(N−1)(Fq)×GL1(Fq)

where B′ is obtained by restricting B to an (N − 1)-dimensional La-
grangian subspace. In the case of B = Ik⊆N , the only possibilities for
the (N − 1)× (N − 1) matrix B′ are

Ik−1⊆N−1 and Ik⊆N−1

(removing a single 1 or a single 0 diagonal entry from (13)). The
number of outer conjugates giving these B′ forms is

qk − 1

q − 1
and

q2N−k − qk

q − 1
= qk

q2(N−k) − 1

q − 1
,

respectively. (For general B, there may be different cases of B′, how-

ever, writing k for the rank of B, there will still be exactly qk−1
q−1

outer

conjugates x−1ι[B]x of the form ι[B′] where B′ has lower rank k − 1,

while all qk q
2(N−k)−1
q−1

others are ι[B′] for B′ of rank k.)
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We therefore obtain that the character of (14) at ι[B] is

χ
RL+

Sp2N
(ρ′⊗ψ)(ι[Ik⊆N ]) =

qk − 1

q − 1
· χρ′(ι[Ik−1⊆N−1]) + qk

q2(N−k) − 1

q − 1
· χρ′(ι[Ik⊆N−1]),

and therefore, the character ratio obeys the recursion

(16)

χ
RL+

Sp2N
(ρ′⊗ψ)(ι[Ik⊆N ])

dim(RL+

Sp2N
(ρ′ ⊗ ψ))

=

qk − 1

q2N − 1
· χρ

′(ι[Ik−1⊆N−1])

dim(ρ′)
+ qk

q2(N−k) − 1

q2N − 1
· χρ

′(ι[Ik⊆N ])

dim(ρ′)
.

The case of U−
1 (Fq): To compute the non-split contribution, we must

study the Deligne-Lusztig variety for the Levi subgroup L− with respect
to the twisted Frobenius. In other words, we must find the inverse
image of the unipotent radical of the Levi subgroup under the Lang
map

L : Sp2N(Fq) → Sp2N(Fq)
sending an element to the composition of itself with the inverse of its
image under the chosen Frobenius. Fix a choice of λ ∈ F×

q ∖ (F×
q )

2 and

let us consider U−
1 (Fq) ∼= µq+1 as the group of matrices

(17)

(
x y
λy x

)
such that x2 − λy2 = 1

for x, y ∈ Fq. We note that the eigenvalues of this matrix are x±
√
λy

with eigenvectors (1,±
√
λ)T , respectively. We change coordinates to

consider U−
1 (Fq) as the fixed points of the matrices (17) over Fq under

the (untwisted) Frobenius. A unipotent radical of the parabolic with
Levi factor of matrices (17) in SL2 consists precisely of matrices in SL2

preserving, say, (1,
√
λ)T . In other words, the unipotent radical is a

1-dimensional non-rational Heisenberg group we will write as H1. In
the case of N = 1, we can see that the inverse image of the matrices in
SL2 preserving (1,

√
λ)T under L consists of matrices

(18)

(
a b
c d

)
such that

aq +
√
λbq = a+

√
λb

cq +
√
λdq = c+

√
λd

By putting x = a −
√
λb, y = c −

√
λd (since (

√
λ)q = −

√
λ), this

recovers the Drinfeld curve

xqy − yqx = −2
√
λ.
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We denote this by D. This is the Deligne-Lusztig variety corresponding
to the embedding of U−

1 (Fq) in SL2(Fq). Computing the cohomology,
we find

dim(Hk
c (D)) =


q2 for k = 1

1 for k = 0

0 else

From a homological perspective, the reduced homology H̃∗(D̃) of the

unreduced suspension D̃ of D is concentrated in degree 2 (since D is
1-dimensional) where it is q2-dimensional. In fact, as a representation

of the unipotent radical of SL2(Fq), H̃2(D̃) is

(19) H1
c (D̃) = H̃2(D̃) ∼= (R̃Fq)

⊕(q+1) ⊕ 1,

where R̃Fq denotes the reduced regular representation of Fq, considered
as the rational unipotent radical of SL2(Fq). Each of the q + 1 copies
corresponds to a character on µq+1 = U−

1 (Fq).

For the general case of N , consider the subgroup consisting of ma-
trices (

A B
C D

)
in Sp2N preserving

(20) (1, 0, . . . , 0︸ ︷︷ ︸
N−1

,
√
λ, 0, . . . , 0︸ ︷︷ ︸

N−1

)T .

This is the semidirect product

Sp2(N−1) ⋉HN

of a non-rational (2N−1)-dimensional Heisenberg group and the lower
symplectic group. We change coordinates so that the unipotent radical
of L− as a Levi subgroup of Sp2N is this Heisenberg group HN . Write
Y = L−1(HN) for the Deligne-Lusztig variety corresponding to L−.

Claim 9. The Deligne-Lusztig variety Y = L−1(HN) satisfies the fi-
bration

(21) Sp2(N−1)(Fq) → Y → D

where D denotes the (2N − 1)-dimensional analogue of D

(22) D = Z(
N∑
i=1

xqiyi − xiy
q
i = −2

√
λ)
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(considered in A2N
Fq

= Spec(Fq[x1, . . . , xN , y1, . . . , yN ])).

Proof of Claim 9. For a matrix

(
A B
C D

)
to be an element of Sp2(N−1)⋉

HN we first consider the condition that fixing (20) requires for the first

columns of A, B, C, and D. Writing a⃗, b⃗, c⃗, and d⃗ for these first
columns, we obtain the relations (18) with a, b, c, and d replaced by
their corresponding vectors. Taking xi to be the ith coordinate of

a⃗ −
√
λ⃗b and taking yi to be the ith coordinate of c⃗ −

√
λd⃗, similarly

as in the case of SL2, this gives the condition (22).
Now, to prove the fibration (21), we first note that for the non-

rational Heisenberg group HN , its intersection with its image HF
N under

the Frobenius is trivial

(23) HN ∩HF
N = {e}.

(This follows since it is equivalent to proving

(Sp2(N−1) ⋉HN) ∩ (Sp2(N−1) ⋉HF
N) = Sp2(N−1),

which holds since, while Sp2(N−1) ⋉HN can be interpreted as the sub-

group of Sp2N(Fq) fixing (1, 0 . . . 0,
√
λ, 0, . . . , 0)T , the group Sp2(N−1)⋉

HF
N is the subgroup of Sp2N(Fq) fixing

(1, 0 . . . 0,−
√
λ, 0, . . . , 0)T =

((1, 0 . . . 0,
√
λ, 0, . . . , 0)F )T ,

so their intersection fixes a full 2-dimensional symplectic subspace and
is therefore isomorphic to Sp2(N−1).)

Given this, we can see immediately a warm-up case of the fiber:

(24) Y ∩ (Sp2(N−1) ⋉HN) = Sp2(N−1)(Fq).

Specifically, for g ∈ Y ∩ (Sp2(N−1) ⋉ HN), write g for its projection

to Sp2(N−1). Since (gF )−1 ◦ g ∈ HN , we must have (gF )−1 ◦ g = 1 ∈
Sp2(N−1). Therefore, g ∈ Sp2(N−1)(Fq). Now write g = gh for an
element h ∈ HN . In this case, then

(hF )−1 ◦ h = (hF )−1 ◦ g−1 ◦ g ◦ h = (gF )−1 ◦ g ∈ HN ,

giving hF ∈ HN . This implies that h is trivial by (23), therefore proving
(24).
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Now we consider the case of a general g in Y , i.e. so that (gF )−1 ◦ g
fixes (20). Let us write

v⃗± = (1, 0, . . . , 0,±
√
λ, 0, . . . , 0)T .

Note that (v⃗±)
F = v⃗∓. To prove the fibration (21), it suffices to prove

that there exists a unique element h ∈ HN such that

(25) g ◦ h(Span(v⃗+, v⃗−)) = (g ◦ h(Span(v⃗+, v⃗−)))F .
Writing S for the symplectic form defining Sp2N , we first note that

S(gF (v⃗−), g(v⃗+)) = S(gF (v⃗−), g
F (v⃗+)) =

S(v⃗−, v⃗+) = S(g(v⃗−), g(v⃗+)).

In particular,
S((gF − g)(v⃗−), g(v⃗+)) = 0,

and therefore
S(g−1((gF − g)(v⃗−)), v⃗+) = 0.

We may hence pick the h ∈ H so that

h(v⃗−) = v⃗− + g−1((gF − g)(v⃗−)).

In particular, for this choice of h, we obtain

(26) gF (v⃗−) = g ◦ h(v⃗−).
Further, since h ∈ H preserves v+, its Frobenius hF preserves v−. In
particular, the right-hand side of (25) can be re-written as

Span(gF ◦ hF (v⃗−), gF ◦ hF (v⃗+)) = Span(gF (v⃗−), g
F ◦ hF (v⃗+)) =

Span(g ◦ h(v⃗−), gF ◦ hF (v⃗+)).
Comparing with the left-hand side

Span(g ◦ h(v⃗+), g ◦ h(v⃗−)),
it remains to prove that gF ◦hF (v⃗+) is a linear combination of g ◦h(v⃗+)
and g ◦h(v⃗−) = gF ◦hF (v⃗−). First, since (gF )−1 ◦ g is an element of H,
it must preserve the symplectic space Span(v⃗+, v⃗−) and we may also
write

gF (v⃗−) = g(v⃗−) + t · g(v⃗+)
for a constant t. Applying the Frobenius again gives

gF
2

(v⃗+) = gF (v⃗+) + tF · gF (v⃗−),
which by (26) can be re-expressed as

gF ◦ hF (v⃗+) = g ◦ h(v⃗+) + tF · g ◦ h(v⃗−),
giving the claim.

□
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Given the fibration (21), since π1(D) is trivial, we in fact can write

(27) Y ∼= Sp2(N−1)(Fq)× D .

Now, D has the homology of a join of N copies of the original Drinfeld
curve

D = D ∗ · · · ∗D︸ ︷︷ ︸
N

.

This can be proved by a spectral sequence coming from the filtration
of Y by the corresponding Deligne-Lusztig varieties for symplectic sub-
spaces

F2N
q ⊃ F2(N−1)

q ⊃ · · · ⊃ F2
q.

Therefore, we find that the reduced homology of the unreduced sus-

pension D̃ of D is concentrated in degree 2N where

(28) dim(H̃2N(D̃)) = q2N .

Note that D is (2N − 1)-dimensional. Therefore, cohomologically, we
obtain

dim(Hk
c (D)) =


q2N for k = 2N − 1

1 for k = 0

0 else

To construct |RL−
Sp2N

(ρ′ ⊗ ψ)| we take the alternating sum so that the

(2N−1)-degree cohomology has a positive coefficient. We can see that
this recovers the dimension

|RL−

Sp2N
(ρ′ ⊗ ψ)| = q2N − 1

q + 1
dim(ρ′).

(dividing by q+1 to pick out the ψ-isotypic component and multiplying
by dim(ρ′) for the ρ′-isotypic part of the group algebra contributed
by the Sp2(N−1)(Fq) factor of (27)). To study the trace of g, we use
(28) to understand the action of the unipotent subgroup of SL2(Fq)
on H2N−1

c (D) as a tensor product of N copies of (19). Therefore, the
ρ′-isotypic part of the alternating sum of Y ’s cohomology consists of

(q2N − 1)/(q2 − 1) copies of the tensor product R̃(Fq)⊗ ρ′, where:

(A) For one copy of R̃(Fq)⊗ ρ′, the factor of ι[I1⊆N ] in SL2(Fq) acts
as an advection and the factor in Sp2(N−1)(Fq) is trivial. In this
case, the trace of the action on the corresponding summand of
the ρ′ ⊗ ψ-isotypic part of the cohomology is

(29)
1

q + 1
(q + 1)χR̃(Fq)

(

(
1 1
0 1

)
)χρ′(IN−1) = −dim(ρ′).
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(B) For q2(N−1) − 1 of the R̃(Fq) ⊗ ρ′ copies, the factor of ι[I1⊆N ]
in SL2(Fq) acts as an advection and the factor in Sp2(N−1)(Fq)
is ι[I1⊆N−1]. The total contribution of the trace of the action
on the corresponding summands of the ρ′-isotypic part of the
cohomology in this case is

(30)

1

q + 1
(q2(N−1) − 1)(q + 1)χR̃(Fq)

(

(
1 1
0 1

)
)χρ′(ι[I1⊆N−1) =

−(q2N−2 − 1)χρ′(ι[I1⊆N−1]).

(C) For the remaining (q2(N−1) − 1)/(q2 − 1) copies of R̃(Fq) ⊗ ρ′,
the factor of ι[I1⊆N ] corresponding to SL2(Fq) is trivial and the
factor corresponding to Sp2(N−1)(Fq) is ι[I1⊆N−1]. The total
contribution of the trace of the action on the corresponding
summands of the ρ′-isotypic part of the cohomology in this case
is

(31)

1

q + 1

q2N−2 − 1

q2 − 1
(q + 1)χR̃(Fq)

(

(
1 0
0 1

)
)χρ′(ι[I1⊆N−1) =

q2(N−1) − 1

q + 1
χρ′(ι[I1⊆N−1]).

(In each case the factor of 1/q + 1 in (29), (30), and (31) occurs from
considering the ψ-isotypic component on the cohomology). Therefore,
we obtain

χ|RL−
Sp2N

(ρ′⊗ψ)|(ι[I1⊆N ]) = −dim(ρ′)− q
q2(N−1) − 1

q + 1
· χρ′(ι[I1⊆N−1]).

and therefore, the character ratio obeys the recursion

(32)

χ|RL−
Sp2N

(ρ′⊗ψ)|(ι[Ik⊆N ])

dim(|RL−
Sp2N

(ρ′ ⊗ ψ)|)
=

−q
k − (−1)k

q2N − 1
· χρ

′(ι[Ik−1⊆N−1])

dim(ρ′)
− qk

q2(N−k) − 1

q2N − 1
· χρ

′(ι[Ik⊆N−1])

dim(ρ′)
.

We note that the analogue for a higher rank advection ι[Ik⊆N ] is

χ|RL−
Sp2N

(ρ′⊗ψ)|(ι[Ik⊆N ]) =

−q
k − (−1)k

q + 1
· χρ′(ι[Ik−1⊆N−1])− qk

q2(N−k) − 1

q + 1
· χρ′(ι[Ik⊆N−1]),
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giving the character ratio obeys the recursion

(33)

χ|RL−
Sp2N

(ρ′⊗ψ)|(ι[Ik⊆N ])

dim(|RL−
Sp2N

(ρ′ ⊗ ψ)|)
=

−q
k − (−1)k

q2N − 1
· χρ

′(ι[Ik−1⊆N−1])

dim(ρ′)
− qk

q2(N−k) − 1

q2N − 1
· χρ

′(ι[Ik⊆N−1])

dim(ρ′)
.

Returning to the case of g = ι[I1⊆N ], we must take the sum of (16)
and (32) over all choices of ψ on GL1(Fq) and U−

1 (Fq). Note that the
values of (16) and (32) do not depend on ψ since ι[B] is unipotent,
so we may interpret this sum as |µgen

q−1| times (16) summed with |µgen
q+1|

times (32). The character ratios

χι[Ik−1⊆N−1]

dim(ρ′)
and

χι[Ik⊆N−1]

dim(ρ′)

all have non-positive q-degree. We note that therefore cancellation is
only needed for our purpose in the case of k = 1, since for k > 1 the
coefficients of (16) and (32) will already have negative q-degree even
when multiplied by |µgen

q−1| and |µgen
q+1|. In the case of k = 1, we must

consider |µgen
q−1| times the second term of (16) for k = 1 and |µgen

q+1| times
the second term of (32). These terms have opposite sign coefficients,
and therefore the top terms will cancel, again leaving only contributions
of strictly negative q-degree.

For any group element g not equal to a simple advection or its sign,
the coefficients will not be large enough to give any terms of q-degree
≥ 0, so cancellation is not needed. For example, in the case of Harish-
Chandra induction, the sum of the coefficients appearing in the recur-
sion is the number of 1-dimensional subspaces in an eigenspace of g,
which then already has q-degree strictly less than q2(N−1). We see this
explicitly in the case of g = ι[Ik⊆N ] for k > 1 in (16) and (33). □

3.2. Splitting off a rank 1 factor over a field extension Fqr . Be-
fore continuing the proof of Proposition 8, we first note a generalization
of the discussion done in the GL1(Fq)-case of Subsection 3.1 to a larger
example of Harish-Chandra induction. For convenience, let us use the
notation (

2n

m

)
q,symp

:=
|Sp2n(Fq)|q′

|GLm(Fq)× Sp2(n−m)(Fq)|q′
,
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giving the number ofm-dimensional isotropic subspaces of a symplectic
space of dimension 2n.

Lemma 10. Write Pr for the maximal (rational) parabolic in Sp2N(Fq)
with Levi factor GLr(Fq) × Sp2(N−r)(Fq). For a representation ρ of
Sp2N(Fq) and a representation π of GLr(Fq), the character of the Harish-
Chandra induction of ρ⊗ π (obtained by applying the induction to the
inflation of ρ ⊗ π to a representation of Pr by letting the unipotent
factor act trivially) at the simple advection ι[I1⊆N ] is

(34)

χIndPr
Sp2N

(ρ⊗π)(ι[I1⊆N ]) =

dim(π)

((
2(N − 1)

r − 1

)
q,symp

dim(ρ) + qr
(
2(N − 1)

r

)
q,symp

χρ(ι[I1⊆N−r])

)
.

Proof. Let us consider the parabolic Pr ⊆ Sp2N(Fq) as the subgroup
of elements preserving an r-dimensional isotropic subspace Λ of F2N

q .
Recalling the induction formula (15), we find that the character of the
Harish-Chandra induction at an element g can be expressed as

(35)

χIndPr
Sp2N

(ρ⊗π)(g) =∑
x ∈ Sp2N (Fq)/Pr

x−1gx ∈ Pr

χρ((x
−1gx)Sp2(N−r)

) · χπ((x−1gx)GLr)

where, for an element y ∈ Pr, we write yGLr and ySp2(N−r)
for the

GLr(Fq)-factor and Sp2(N−r)(Fq)-factor of y’s Levi component, respec-
tively.

Now, we may identify Sp2N(Fq)/Pr with the set of all r-dimensional
isotropic subspaces in (by identifying x ∈ Sp2N(Fq)/Pr with xΛ). The
condition that x−1gx ∈ Pr in (35) is equivalent to demanding that g
preserves the isotropic space xΛ.

For an isotropic space xΛ to be preserved by ι[I1⊆N ], it must be
contained in the (2N − 1)-dimensional 1-eigenspace of ι[I1⊆N ]. Let us
write e1, . . . , eN , f1, . . . , fN for the standard symplectic basis (so that
S(ei, fi) = 1 and the symplectic form gives 0 on all other pairs of
basis vectors) and assume without loss of generality that the (2N − 1)-
dimensional space is the span of e2, . . . , eN , f1, . . . , fN . There are two
cases of r-dimensional isotropic subspaces in a (2N − 1)-dimensional
subspace of a symplectic space:

(a) In the case where f1 ∈ xΛ, the number of choices is equal
to the number of r − 1-dimensional subspaces of the span of
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Span(e2, . . . , eN , f2, . . . , fN). The number of such xΛ is then
precisely (

2(N − 1)

r − 1

)
q,symp

.

(b) If f1 is not in xΛ, then the image of xΛ under taking a quo-
tient by f1 gives an arbitrary r-dimensional isotropic subspace
of Span(e2, . . . , eN , f2, . . . , fN). For each choice of this projec-
tion, there are qr choices of lifts to subspaces of the (2N − 1)-
dimensional space Span(e2, . . . , eN , f1, . . . , fN) (we obtain one
factor of q for the possible Fq-coefficient of f1 in each of the r
basis vectors in xΛ), giving a total of

qr
(
2(N − 1)

r

)
q,symp

choices.

Adding these contributions up, there are a total of

(36)

(
2(N − 1)

r − 1

)
q,symp

+ qr
(
2(N − 1)

r

)
q,symp

terms. For xΛ in case (a), both Levi factor components of the conjugate
are trivial

(x−1ι[I1⊆N ]x)Sp2(N−r)
= I2(N−r), (x−1ι[I1⊆N ]x)GLr = Ir,

contributing the first term of (34). In case (b), we have

(x−1ι[I1⊆N ]x)Sp2(N−r)
= ι[I1⊆N−r], (x−1ι[I1⊆N ]x)GLr = Ir,

contributing the second term of (34).
□

Lemma 10 will be applied to consider the case of Harish-Chandra
induction, both in the case of rank 1 over a field extension and in
all cases of higher rank. We consider the case of rank 1 over a field
extension Fqr now:

Proof of Proposition 8 for n = 1 and r > 1. In this case, we consider
Levi factors

L±(Fq) = U±
1 (Fqr)× Sp2(N−r)(Fq).

Again, we focus on the case of the simple advection ι[I1⊆N ], which is the
only input element g where the bound will be strict. First, let us study
the case of L+. In this case, we may also consider the intermediate Levi



22 SOPHIE KRIZ

factor M+ = GLr × Sp2(N−r) with respect to the standard Frobenius
so that

M+(Fq) = GLr(Fq)× Sp2(N−r)(Fq).
Let us write Pr for the maximal parabolic over Fq in Sp2N(Fq) with
M+(Fq) as the Levi factor. In this case, the Deligne-Lusztig induction
from L+ to Sp2N can be considered as the composition of the Deligne-
Lusztig induction from GL1(Fqr) to GLr(Fq) with the Harish-Chandra
induction from the rational parabolic Pr:

RL+

Sp2N
(ρ′ ⊗ ψλ) = IndPr

Sp2N
(ρ′ ⊗R

GL1(Fqr )

GLr(Fq)
(ψλ)).

Let us write

ρ′′ := ρ′ ⊗R
GL1(Fqr )

GLr(Fq)
(ψλ).

As discussed above, the character of the Harish-Chandra induction
from a parabolic of the form Pr obeys the recursion (34). Applying the
dimension formula

dim(R
GL1(Fqr )

GLr(Fq)
(ψλ)) =

|GL1(Fqr)|q′
|GLr(Fq)|q′

,

we may process (34) to obtain

(37)

χ
RL+

Sp2N
(ρ′⊗ψλ)

(ι[I1⊆N ]) =

(q2(N−1) − 1)(q2(N−2) − 1) . . . (q2(N−k+1) − 1)dim(ρ′)+

qk
(q2(N−1) − 1)(q2(N−2) − 1) . . . (q2(N−k) − 1)

qk − 1
χρ′(ι[I1⊆N−r])

Therefore, we obtain the recursion on character ratios

(38)

χ
RL+

Sp2N
(ρ′⊗ψλ)

(ι[I1⊆N ])

dim(RL+

Sp2N
(ρ′ ⊗ ψλ))

=

qr − 1

q2N − 1
+ qr

q2(N−r) − 1

q2N − 1

χρ′(ι[I1⊆N−r])

dim(ρ′)
.

On the other hand, we may also consider the Deligne-Lusztig induc-
tion of L−. Our strategy will be to first consider the case of r = N .
In this case the Mackey formula (Theorem 11.13 of [3]) can be applied
(by considering U−

1 (FqN ) as a maximal torus over Fq in Sp2N) to obtain
that

χ
|R

U−
1 (F

qN
)|

Sp2N (Fq)
(ψλ)

(ι[I1⊆N ]) = −(q2(N−1) − 1)(q2(N−2) − 1) . . . (q2 − 1)
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(since, on the rational level, the intersection of the Levi factor with
fixed points SL2(N−1)(Fq)×GL1(Fq) and U−

1 (FqN ) is 0, though there is

a double coset with non-trivial intersection over Fq). The general case
can be obtained using similar methods as how the case of U−

1 (Fq) ×
Sp2(N−1)(Fq) was obtained from the Drinfeld curve in the case of N −
N ′ = 1 discussed in Subsection 3.1. In general, the character recursion
is

(39)

χ|RL−
Sp2N

(ρ′⊗ψλ)|
(ι[I1⊆N ]) =

−(q2(N−1) − 1)(q2(N−2) − 1) . . . (q2(N−r+1) − 1)dim(ρ′)+

−qr (q
2(N−1) − 1)(q2(N−2) − 1) . . . (q2(N−r) − 1)

qr + 1
χρ′(ι[I1⊆N−r]).

The second term’s coefficient is obtained as the sum of two kinds of
contributions with a term

(40) −(q2(N−1) − 1)(q2(N−2) − 1) . . . (q2(N−r) − 1)

playing the analogous role as the coefficient appearing in (30) and a
term

(41)
(q2(N−1) − 1)(q2(N−2) − 1) . . . (q2(N−r) − 1)

qr + 1

playing an analogous role as (31). Again, for the case of N = r,
this follows since we may apply Theorem 11.13 of [3]. For N > r,
for the homology of the Deligne-Lusztig variety, we may, again, use
the spectral sequence coming from the filtration of the variety by the
corresponding Deligne-Lusztig varieties obtained by replacing F2N

q by
symplectic subspaces

F2N
q ⊃ F2(N−1)

q ⊃ · · · ⊃ F2r
q .

Since we are only interested in the Euler characteristic, we may work
with the E2-term, in which the first summand of (39) and (41) cor-
respond to trivial action of ι[I1⊆N ], and (40) corresponds to a sum of
copies of the reduced regular representation. From (39) then, we obtain
the character ratio recursion

(42)

χ|RL−
Sp2N

(ρ′⊗ψλ)|
(ι[I1⊆N ])

dim(|RL−
Sp2N

(ρ′ ⊗ ψλ)|)
=

− qr + 1

q2N − 1
− qr

q2(N−r) − 1

q2N − 1

χρ′(ι[I1⊆N−r])

dim(ρ′)
.
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The number of terms in the character ratio sum (10) corresponding
to L+ and L− each have q-degree r and the same top term, therefore
giving the claim by canceling the second (and main) terms appearing
in (38) and (42).

As in the case of N −N ′ = 1 discussed in Subsection 3.1, the case of
−ι[I1⊆N ] is similar (and in fact, only a sign multiple away from the case
of ι[I1⊆N ]. For general g, the coefficients in both the Harish-Chandra
of the character ratio terms are of strictly lower degrees, meaning that
no cancellation is needed and the claimed bound is not strict.

□

3.3. Splitting of a factor of higher rank. The only remaining case
of Proposition 8 to consider is for N − N ′ = nr with n > 1. In this
case, no cancellation of terms in (10) is needed, so that, in fact, the
sum converges to 0 absolutely in this case. We will again use Lemma
10 and its proof to see this, for example, in the case of Harish-Chandra
induction.

Proof of Proposition 8 for n > 1 and r ≥ 1. This is the case of repre-
sentations of Sp2N(Fq) with semisimple data with a full GLn(Fqr) or
U−
n (Fqr) factor obtained by adding a generic eigenvalue λ ∈ µqr∓1 (and

all Frobenius powers of it and its inverse) with multiplicity n to the
input representation’s semisimple data (s′). The number of choices of
these generic eigenvalues has q-degree r. We claim that the q-degree of
each character ratio

(43)
χ|RL±

Sp2N
(ρ′⊗uλ)|

(g)

dim(|RL±
Sp2N

(ρ′ ⊗ uλ)|)

appearing in the sum (10) is less than or equal to −(N − N ′) = −nr
plus the q-degree of a character ratio or is less than or equal to (n+1)r−
2N < 2(nr − N) (the latter bound only occurs in the case of ι[I1⊆N ]
when one of the character ratios in the recursion is the character ratio
of the identity). Therefore, in the case of n > 1, no cancellation is
needed and the claim follows immediately.

For example, let us consider the case of Harish-Chandra induction:
Write PN−N ′ for the maximal parabolic containing the Levi factor
Sp2N ′(Fq) × GLN−N ′(Fq) in Sp2N(Fq). To consider the character ra-
tio

χ
Ind

PN−N′
Sp2N′ (Fq)

(ρ′⊗π)
(g)

dim(Ind
PN−N′

Sp2N′ (Fq)
(ρ′ ⊗ π))

,
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we recall Lemma 10 and its proof. Write Λ for the (N−N ′)-dimensional
isotropic subspace that PN−N ′ preserves. For a general g now, we
consider the number of (N − N ′)-dimensional isotropic subspaces xΛ
for x ∈ Sp2N(Fq)/PN−N ′ preserved by g. It suffices to show the number
of such xΛ has q-degree less than or equal to

−(N −N ′) + degq(
|Sp2N(Fq)|q′

|GLN−N ′(Fq)× Sp2N ′(Fq)|q′
),

since each x contributes a summand χρ′⊗π(x
−1gx), which we divide by

dim(Ind
PN−N′

Sp2N′ (Fq)
(ρ′ ⊗ π)) = dim(ρ′ ⊗ π)

|Sp2N(Fq)|q′
|GLN−N ′(Fq)× Sp2N ′(Fq)|q′

,

giving the claim. For a general g, xΛ can only be preserved if it is a
sum of isotropic subspaces of the eigenspaces, meaning that the case
attaining the maximal number of choices is, again, g = ι[I1⊆N ]. As
described in the proof of Lemma 10 (recalling (36)), for the simple
advection, this number is(

2(N − 1)

N −N ′ − 1

)
q,symp

+ qN−N ′
(
2(N − 1)

N −N ′

)
q,symp

.

By comparing numerators and denominators, we can calculate that the
q-degree of each of these terms satisfy:

degq(

(
2(N − 1)

N −N ′ − 1

)
q,symp

) = degq(

(
2N

N −N ′

)
)− (N +N ′)

degq(q
N−N ′

(
2(N − 1)

N −N ′

)
q,symp

) = degq(

(
2N

N −N ′

)
)− (N −N ′),

giving the claim. The case for the non-split Levi factor analogously
gives character ratios (43) of q-degree less by −(N −N ′) = −nr.

□

4. Vanishing of the individual character ratios

We have proved the vanishing of the partial character ratio sum over
all non-primitive irreducible representations. To prove Theorem 1, it
therefore remains to prove

lim
q→∞

∑
ρ∈P

χρ(g)

dim(ρ)
= 0.
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Since the number of primitive irreducible representations does not de-
pend on q, it suffices to prove that each individual character ratio
χρ(g)/dim(ρ) is o(1) for ρ ∈ P and g ̸= ±I ∈ Sp2N(Fq). In fact, in
this section, we use elementary methods to prove that the individual
character ratios of all Sp2N(Fq)-representations are o(1):

Theorem 11. Fix a non-central element g ∈ Sp2N(Fq). For every
irreducible non-trivial representation ρ, the character ratio of ρ at g is
o(1)

(44) lim
q→∞

χρ(g)

dim(ρ)
= 0.

To approach this, recall the natural embedding of GLN(Fq) as a Levi
subgroup of Sp2N(Fq)

(45)
GLN(Fq)

⊆ // Sp2N(Fq)

A 7→
(
A 0
0 (AT )−1

)
.

We write PN for the maximal parabolic subgroup of Sp2N(Fq) with this
Levi factor. Its unipotent radical is precisely the Siegel unipotent of
advections ι[B]. Writing Sym2(FNq ) for the abelian group of symmetric
N×N matrices over Fq (with respect to +), the parabolic PN can then
be considered as the semidirect product

(46) PN = GLN(Fq)⋉ Sym2(FNq ),

with A ∈ GLN(Fq) acting on M ∈ Sym2(FNq ) by congruence ATMA.
Our approach to the proof of Theorem 11 is to first consider the

special cases of non-central Levi group elements g ∈ GLN(Fq) and
g = ι[B] for B ̸= 0 ∈ Sym2(FNq ). For the case of g ∈ GLN(Fq), we pro-
ceed by first proving an analogous claim for GLN(Fq)-representations
and then using induction to pass first to PN -representations and then
to Sp2N(Fq)-representations. We discuss this in Subsection 4.1. The
case of g = ι[B] actually then follows immediately by an argument
we discuss in Subsection 4.2, which serves as a warm-up case for the
situation of general elements. Finally, we conclude the general case of
Theorem 11 in Subsection 4.3.

4.1. The case of GLN(Fq) elements. The purpose of this subsection
is to prove that Theorem 11 holds for non-central elements of GLN(Fq).
Since we must approach this special case first, we restate it separately
as the following
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Proposition 12. For a non-central element g ∈ GLN(Fq), considered
as an element of Sp2N(Fq) by the natural embedding (45), for every
irreducible non-trivial representation ρ the character ratio at g is o(1)
so that (44) holds.

Our strategy is to begin with showing that the character ratios van-
ish for GLN(Fq)-representations not of the form ψ(det), since these
character ratios can be estimated using elementary methods because
the unipotent representations are all in the principal series:

Lemma 13. For non-central g ∈ GLN(Fq) and any irreducible GLN(Fq)-
representation ρ not of the form ψ(det) for a multiplicative character
ψ of F×

q , the corresponding character ratio χρ(g)/dim(ρ) is o(1).

Proof. Fix a non-central element g ∈ GLN(Fq). Consider the Lusztig
classification data an irreducible representation ρ of GLN(Fq). Again,
it corresponds to a semisimple conjugacy class (s) in the dual group
GL∗

N(Fq) = GLN(Fq) and a unipotent irreducible representation u of
the centralizer. We may assume by increasing q that all eigenvalues of
the semisimple data are rational in Fq. In this case, its centralizer is of
the form

(47) GLn1(Fq)× · · · ×GLnk
(Fq),

where each factor corresponds to an eigenvalue λi of s of multiplicity ni.
In this case, factor the unipotent data u as a tensor product u1⊗· · ·⊗uk
for unipotent irreducible GLni

(Fq)-representations ui. Then, writing P
for the maximal parabolic of GLN(Fq) with Levi factor (47), ρ is the
parabolic induction

ρ = IndPGLN (Fq)(
k⊗
i=1

ψλi(det)⊗ ui)

(inflating the Levi factor representation by setting the unipotent rad-
ical to act trivially). The dimension of ρ is then |GLN(Fq)|/|P | times
dim(u1) . . . dim(uk) and the character value of ρ at g is calculated us-
ing (47). Since every eigenspace of g has dimension strictly less than
N , the character ratio is o(1) in any case where (47) is not GLN(Fq)
itself, i.e. when ρ = ψ(det) ⊗ u for a multiplicative character ψ ∈ F̂×

q

and an irreducible non-trivial unipotent representation u of GLN(Fq).
Therefore, (for example, since, |ψ(det(g))| = 1) it now suffices to prove
the claim for ρ = u a unipotent non-trivial irreducible representation.

We recall these are indexed by Young diagrams Λ with N boxes.
We use the notation Λ = (λ1, λ2, . . . ) where λi is the length of the
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ith row of Λ so that λ1 ≥ λ2 ≥ . . . . Write uΛ for the corresponding
unipotent irreducible representation. We recall that for two Young
diagrams Λ = (λ1, λ2, . . . ) and Λ′ = (λ′1, λ

′
2, . . . ), we say Λ is dominant

over Λ′ and write Λ′ � Λ if for all k ≥ 1,

λ1 + λ2 + · · ·+ λk ≥ λ′1 + λ′2 + · · ·+ λ′k.

We use this to proceed by induction. Suppose that for every non-
trivial Young diagram Λ strictly dominant over Λ the character ratio
χuΛ′ (g)/dim(uΛ′) is o(1).

For a young diagram Λ = (λ1, λ2, . . . , λn), let us consider the Levi
subgroup

LΛ = GLλ1(Fq)×GLλ2(Fq)× · · · ×GLλn(Fq)

and a maximal parabolic PΛ ⊆ GLN(Fq) containing it. Then the par-
abolic induction

(48) IndPΛ

GLN (Fq)
(1)

decomposes as a sum of the irreducible unipotent uΛ and copies of uΛ′

for Λ′ strictly dominant over Λ. (Note that the multiplicities of the
dominant summands do not depend on q). Additionally, for a Young
diagram Λ′ strictly dominant over Λ,

degq(uΛ) > degq(uΛ′)

(this follows from the dimension formula for A-type symbols in [10]).
Therefore, by the induction hypothesis, to prove the claim it suffices
to show the character ratio for the whole induction (48) is o(1)

(49) lim
q→∞

χ
Ind

PΛ
GLN (Fq)

(1)
(g)

dim(IndPΛ

GLN (Fq)
(1))

= 0.

The denominator is the Gaussian binomial coefficient |GLN(Fq)|/|PΛ| =(
N

λ1 ... λn

)
q
, and the numerator is the number of outer conjugates of g in

PΛ,

|{x ∈ GLN(Fq)/PΛ | x−1gx ∈ PΛ}|
(by the character formula (15)). This must have q-degree strictly less
than |GLN(Fq)/PΛ| since by the assumptions, all of g’s eigenspaces
have dimension strictly less than N . Hence, (49) holds, which implies
the claim for uΛ, concluding the argument by induction.

□

We may easily pass to the analogous statement for character ratios
of irreducible representations of PN not of the form ψ(det) using the
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induction formula, since the number of GLN(Fq)-orbits of symmetric
matrices under congruence does not grow with q.

Lemma 14. For non-central g ∈ GLN(Fq) and any irreducible repre-
sentation ρ of PN not of the form ψ(det) for a multiplicative character

ψ ∈ F̂×
q , the corresponding character ratio χρ(g)/dim(ρ) is o(1).

Proof. This follows recalling (46) because the number of conjugacy
classes of PN is a multiple of the number of conjugacy classes of the
Levi factor not depending on q (since the number of symmetric bilinear
forms over Fq does not depend on q).

□

We can now conclude the vanishing of character ratios of non-trivial
Sp2N(Fq)-representations at GLN(Fq)-representations, proving Propo-
sition 12, i.e. Theorem 11 for GLN(Fq) elements not equal to ±I.

Proof of Proposition 12. We first note that for each element g ̸= ±I ∈
GLN(Fq) which is central in GLN(Fq) is Sp2N(Fq)-conjugate to a non-
central element of GLN(Fq) embedded in Sp2N(Fq), and therefore we
may fix without loss of generality a non-central element g ∈ GLN(Fq).
Let us also fix a non-trivial irreducible representation ρ of Sp2N(Fq).
Consider the restriction of ρ to PN . We consider two cases:

Case 1: The restriction ResPN
(ρ) does not contain any representations

of PN of the form ψ(det). In this case, by Lemma 14, every irreducible
summand π ⊆ ResPN

(ρ) has o(1) character ratio χπ(g)/dim(π) so that
the q-degree of dim(π) is strictly greater than the q-degree of χπ(g).
In this case, the q-degree of dim(ρ) must then also be greater than the
q-degree of χρ(g), giving the claim.

Case 2: The restriction ResPN
(ρ) contains a PN -representation ψ(det).

In this case, (since it is irreducible) ρ is a summand of the induction

ρ ⊆ IndPN

Sp2N (Fq)
(ψ(det)).

Now we note that the multiplicity of representations of the form ψ(det)
in

ResPN
(IndPN

Sp2N (Fq)
(ψ(det)))

does not grow with PN , by the classical Mackey formula. (This can
also be seen since the dimension of

Hom(1,ResPN
(IndPN

Sp2N (Fq)
(1))) =

End(IndPN

Sp2N (Fq)
(1))



30 SOPHIE KRIZ

does not depend on q since the decomposition of IndPN

Sp2N (Fq)
(1) can be

calculated according to the Littlewood-Richardson rule for symbols.)
Therefore, the multiplicity of ψ(det) as a summand of ResPN

(ρ) does
not grow with q. Since ρ is assumed to be non-trivial (and therefore
dim(ρ) has positive q-degree), the non-trivial part of the restriction is
non-zero. In other words, writing ρ =

⊕
π∈P̂N

mπ · π, we have mπ > 0

for some π ̸= ψ(det) while m1 does not grow with q. We consider

(50)
χρ(g)

dim(ρ)
=

∑
π∈P̂N

mπχπ(g)∑
π∈P̂N

mπdim(π)

noting that the main contribution of the denominator is for repre-
sentations π ̸= ψ(det) (which all have positive q-degree dimension).
Therefore, (50) is o(1) again by Lemma 14.

□

4.2. The case of advection elements. The statement of Theorem
11 for advection elements of the form ι[B] for B ̸= 0 ∈ Sym2(FNq )
actually immediately follows from the case of GLN(Fq) elements. We
state and prove this case separately as a warm-up for the general case.

Proposition 15. For a non-trivial element of the Siegel unipotent ι[B]
corresponding to a non-zero B ∈ Sym2(FNq ), for every irreducible rep-
resentation ρ, the character ratio at ι[B] is o(1) so that (44) holds (for
g = ι[B]).

Proof of Proposition 15. Suppose for an irreducible representation ρ
and a non-trivial advection ι[B], the character ratio does not vanish,
i.e. that (44) does not hold for g = ι[B]. It suffices to prove that then
ρ is trivial.

Since for congruent symmetric N × N matrices, the corresponding
advections are conjugate, we may assume without loss of generality
that B is diagonal. Say B has non-zero diagonal entries a1, . . . , ak for
some 0 < k ≤ N and that all others are 0, so that we may write

ι[B] =
k⊕
i=1

(
1 ai
0 1

)
⊕ I2(N−k),

as an element of

(51)
k∏
i=1

SL2(Fq)× Sp2(N−k)(Fq),
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embedded in Sp2N(Fq) in the natural way by considering SL2(Fq) as
the symplectic group on a two-dimensional space. In particular,

χρ(ι[B]) = χRes(ρ)(
k⊕
i=1

(
1 ai
0 1

)
)

where on the right-hand side, Res(ρ) denotes the restriction of ρ to

the
∏k

i=1 SL2(Fq) factor of (51). This restriction decomposes as a sum
of degree k tensor products of SL2(Fq)-representations. Let us write
mκ1,...,κk for the multiplicity of a tensor product κ1⊗· · ·⊗κk of SL2(Fq)-
representations in the restriction, so that

Res(ρ) =
⊕

κi∈ ̂SL2(Fq)

mκ1,...,κk(κ1 ⊗ · · · ⊗ κk).

In particular, the character ratio for ρ can also be expressed as

(52)
χρ(ι[B])

dim(ρ)
=

∑
κi∈ ̂SL2(Fq)

mκ1,...,κk

k∏
i=1

χκi(

(
1 ai
0 1

)
)

∑
κi∈ ̂SL2(Fq)

mκ1,...,κk

k∏
i=1

dim(κi)

.

As polynomials in q, it is known that for every non-trivial irreducible
representation κ of SL2(Fq), the character value of any non-trivial el-
ement (in particular, any advection) on κ is strictly less than the q-
degree of its dimension. Therefore, if (52) is not o(1), then there must
be a positive portion of true trivial representations 1⊗ · · · ⊗ 1 in (52)

lim
q→∞

m1,...,1∑
κi∈ ̂SL2(Fq)

mκ1,...,κk

> 0.

In this case, however, this the character ratio (52) will also fail to vanish
if the advections on the right hand side are replaced by any elements
of SL2(Fq). For example, for a choice of distinct λi ̸= 1 ∈ F×

q , after

replacing each advection

(
1 ai
0 1

)
in (52) by

(
λi 0
0 λ−1

i

)
, the limit must

still fail to vanish as q goes to infinity. In fact, considering the Sp2N(Fq)
element

g =
k⊕
i=1

(
λi 0
0 λ−1

i

)
⊕ I2(N−k)
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(using the same natural embedding of (51)) the right hand side of (52)
with the advections replaced by this torus element gives precisely ρ’s
character ratio at g. Since g is the image of a non-central element of
GLN(Fq) under the natural embedding (45), we can conclude that ρ
must be trivial by Proposition 12.

□

4.3. Concluding the general case of Theorem 11. Now we con-
clude Theorem 11. First, as in the special cases of general linear group
elements and the advections, we begin by proving the analogous claim
for irreducible representations of the parabolic PN .

Proposition 16. Fix an irreducible representation ρ of PN not of the
form ψ(det) and fix a non-central element g ∈ PN . The character ratio
of ρ at g is then o(1).

Proof. Fix an irreducible PN -representation ρ. Consider a general non-
trivial element g ∈ PN = GLN(Fq)⋉Sym2(FNq ). By Proposition 12 and
Proposition 15, it only remains to consider cases of g whose factors in
GLN(Fq) and Sym2(FNq ) are both non-trivial.

First, let us fix an identification of the abelian group Sym2(FNq ) with
its Pontrjagin dual ̂Sym2(FNq ), writing ψM for the 1-dimensional ir-
reducible representation corresponding to a symmetric matrix M ∈
Sym2(FNq ). We consider the action of GLN(Fq) on ̂Sym2(FNq ) corre-

sponding to its action by congruence on Sym2(FNq ). We recall that the

orbits of the action of GLN(Fq) on Sym2(FNq ) precisely correspond to
non-equivalent symmetric bilinear forms. Let us therefore write

Or,± = {M | rank(M) = r, ϵ(det(M)) = ±}

for the GLN(Fq)-orbit in Sym2(FNq ) of matrices corresponding to sym-
metric bilinear forms of some rank 1 ≤ r ≤ N and discriminant ±, so
that

Sym2(FNq ) = {0} ⨿
N∐
r=1

(Or,+ ⨿Or,−).

Now let consider the restriction of ρ to Sym2(FNq ). If this restriction
only consists of trivial Sym2(FNq )-representations, then χρ(g) is equal
to the character value of ρ at the GLN(Fq)-component of g, in which
case the character ratio must be o(1) by Lemma 14.
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Let us therefore assume that ρ restricts to a sum including at least
one non-trivial Sym2(FNq )-representation. We note that ρ must contain
a full GLN(Fq)-orbit’s worth of characters ψM , and that for M and M ′

in the same orbit, the multiplicities of ψM and ψM ′ in ρ match. Fur-
ther, if ρ contains characters of Sym2(FNq ) corresponding to different
GLN(Fq)-orbits, we to produce a proper subrepresentation by consid-
ering the subspace of ρ consisting only of a single orbit’s worth of
Sym2(FNq )-characters. Therefore, by the irreducibility of ρ, it can only
contain ψM for M in a single fixed GLN(Fq) orbit. By the assumption
of this case, this orbit is not {0}, since then ρ’s restriction to Sym2(FNq )
would be trivial. In summary, as a Sym2(FNq )-representation, we may
write

(53)
⊕

M∈Or,±

VM ⊗ ψM

for a choice of rank 1 ≤ r ≤ N and a choice of sign ± specifying an
orbit Or,± and writing VM for the multiplicity vector space space of
each ψM .

Now let us consider the set of all possible PN -representations ρ
′ which

restrict to the Sym2(FNq )-representation (53). Such a ρ′ is determined
by a choice of how the action of GLN(Fq) permutes the n copies of each
character in the orbit. More specifically, to construct a representation
ρ′, we must specify for each element A ∈ GLN(Fq) and each M ∈ Or,±,
an isomorphism

fA,M ∈ Hom(VM , VATMA)

such that the usual consistency diagrams

VM
fA,M //

fAB,M %%LL
LLL

LLL
LLL

VATMA

f
B,ATMA

��
V(AB)TM(AB)

commute. Let us specifically consider the PN -representation ρ0 ob-
tained by choosing for every choice of A and M ,

fA,M = IN .

This representation may not be irreducible, however, we have dim(ρ0) =
dim(ρ) and

(54) |χρ(g)| ≤ |χρ0(gGLN (Fq))|
for every choice of g since only the isotropy of fg,M will contribute to
the trace of g on a GLN(Fq) representation with restriction (53) and
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by applying the triangle inequality to work with gGLN (Fq). Therefore,
it suffices to prove the vanishing of the character ratio

(55) lim
q→∞

χρ0(gGLN (Fq))

dim(ρ0)
= 0.

To approach (55), we now consider the restriction of ρ0 to GLN(Fq).
Since the orbit Or,± is not a singleton, the multiplicity of the trivial
GLN(Fq)-representation in the restriction of ρ0 does not grow with
q, while the total dimension of ρ0 does. As in the proof of Lemma
14, Lemma 13 can then be applied to conclude the vanishing of the
character ratio.

□

The passage from PN -representations to Sp2N(Fq)-representations is
similar as in the proof of Proposition 12 above.

Proof of Theorem 11. Fix a non-central element g ∈ Sp2N(Fq). Again
all symplectic group elements are conjugate to elements of PN , so we
may assume without loss of generality that g is an element of PN . Fix
an irreducible non-trivial representation ρ of Sp2N(Fq).

If the restriction of ρ to PN does not contain any copies of ψ(det),
then the claim follows immediately (as in Case 1 of the proof of Propo-
sition 12) by Proposition 16.

If the restriction of ρ to PN does contain some ψ(det), we consider ρ
as a sub-representation of IndPN

Sp2N (Fq)
(ψ(det)). As in Case 2 of the proof

of Proposition 12, we then use the fact that the multiplicity of ψ(det)
as a summand of the restriction of this induction does not grow with
q to see that the multiplicity as a summand of ResPN

(ρ) also does not
grow with q. The remaining summands of ResPN

(ρ) then overpower
the contribution of ψ(det) in ρ’s character ratio at g, allowing us to
conclude the vanishing again from Proposition 16.

□
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